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TEMPORAL DECAYS AND ASYMPTOTIC BEHAVIORS FOR A VLASOV EQUATION
WITH A FLOCKING TERM COUPLED TO INCOMPRESSIBLE FLUID FLOW
YOUNG-PIL CHOI, KYUNGKEUN KANG, HWA KIL KIM, AND JAE-MYOUNG KIM
Abstract. We are concerned with large-time behaviors of solutions for Vlasov–Navier–Stokes equations in two
dimensions and Vlasov-Stokes system in three dimensions including the effect of velocity alignment/misalignment.
We first revisit the large-time behavior estimate for our main system and refine assumptions on the dimensions
and a communication weight function. In particular, this allows us to take into account the effect of the mis-
alignment interactions between particles. We then use a sharp heat kernel estimate to obtain the exponential
time decay of fluid velocity to its average in L∞-norm. For the kinetic part, by employing a certain type of
Sobolev norm weighted by modulations of averaged particle velocity, we prove the exponential time decay of the
particle distribution, provided that local particle distribution function is uniformly bounded. Moreover, we show
that the support of particle distribution function in velocity shrinks to a point, which is the mean of averaged
initial particle and fluid velocities, exponentially fast as time goes to infinity. This also provides that for any
p ∈ [1,∞], the p-Wasserstein distance between the particle distribution function and the tensor product of the
local particle distributions and Dirac measure at that point in velocity converges exponentially fast to zero as
time goes to infinity.
1. Introduction
In this paper, we consider a situation where a large number of interacting particles are immersed in a
viscous fluid. More precisely, let f = f(x, v, t) be the one-particle distribution function in the phase space
(x, v) ∈ Td × Rd at time t ∈ R+, and u = u(x, t) ∈ Rd and p = p(x, t) ∈ R be the bulk velocity and pressure
of the incompressible fluid, respectively. Here Td = (R/2πZ)d with d ≥ 1 is the spatial periodic domain. Then
our main kinetic-fluid system reads as
∂tf + v · ∇xf +∇v · (F (f, u)f) = 0, (x, v, t) ∈ Td × Rd × R+,
∂tu+ (1 − δd,3)(u · ∇x)u− µ∆xu+∇xp = −
∫
Rd
(u − v)f dv,
∇x · u = 0,
(1.1)
subject to initial data
(1.2) (f(x, v, t), u(x, t)) |t=0 =: (f0(x, v), u0(x)) , (x, v) ∈ Td × Rd,
where δd,3 denotes the Kronecker delta function and µ > 0 is the viscosity coefficient. Throughout this paper, we
set µ = 1 for simplicity. Thus if d = 3, the fluid system in (1.1) becomes Stokes equations, otherwise it becomes
the Navier–Stokes equations. The force term F (f, u) in the kinetic equation consists of velocity alignment force
Fa(f) given by
Fa(f)(x, v, t) =
∫
Td×Rd
ψ(x− y)(w − v)f(y, w, t) dydw
with a communication weight function ψ and drag force u − v, i.e., F (f, u) = Fa(f) + u − v. In the present
work, the communication weight function ψ ∈ C2(Td) is even, i.e., ψ(x) = ψ(−x), and we assume further that
there are some numbers ψm, ψM ∈ R such that
(1.3) ψm ≤ ψ(x) ≤ ψM , x ∈ Td.
The study on mathematical modeling describing the interactions between particle and fluid has received a
bulk of attention from variable research fields of such as biotechnology, medicine and sedimentation analysis, see
[6, 9, 39] and references therein. On the other hand, dispersed particles immersed in a fluid can be modeled by
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kinetic-fluid type interactions. If the coupling between particles and fluid is not taken into account, i.e., the drag
force u − v in F (f, u), then the kinetic part in (1.1) becomes the kinetic Cucker–Smale equation [13, 29]. This
equation can be rigorously derived from the celebrated Cucker–Smale model [24] describing flocking behaviors
as the number of particles goes to infinity [10, 13, 29]. The system (1.1) is thus a coupled system consisting
of kinetic Cucker–Smale equation and incompressible viscous fluid coupled through the drag force. This is first
proposed in [2] to describe the dynamics of self-propelled particles that are influenced by neighboring fluids. We
refer to [2] and references therein for a detailed description of the modeling and relevant literatures.
The existence theories for weak and strong solutions of the coupled kinetic-fluid equations have been well
developed: the global-in-time existence of weak solutions for the Vlasov-type or Vlasov–Fokker–Planck equation
coupled with homogeneous/inhomogeneous fluid equations are obtained in [2, 8, 11, 14, 21, 30, 31, 36, 38, 41, 43].
For the local/global-in-time existence of strong solutions, we refer to [4, 7, 12, 15, 25, 33]. The collision-type
interactions between particles are also considered, and global-in-time existence of weak solutions are found in
[23, 42] and local-in-time existence of classical solution is obtained in [22, 35]. We also refer to [11, 18, 19, 27,
28, 37] for the hydrodynamic limits and [17] for the finite-time breakdown of C2-regularity of solutions.
Even though these fruitful studies on the existence theories for the kinetic-fluid systems, there are few available
literature on the large-time behavior of solutions in the absent of diffusion term, see [12, 25, 33] for the case
with diffusion. In the case of without diffusion, it is not clear to find the nontrivial equilibria. In [3], see also
[11], the large-time behavior for the system (1.1) showing the alignment between particle and fluid velocities is
first investigated based on the Lyapunov functional approach. More precisely, let us define averaged quantities:
(1.4) vc(t) :=
∫
Td×Rd vf dxdv
M(t)
and uc(t) :=
∫
Td
u dx,
where M(t) :=
∫
Td×Rd f dxdv. Using these newly defined functions, we introduce a Lyapunov function:
(1.5) L(f(t), u(t)) := 1
2
∫
Td×Rd
|v − vc(t)|2f dxdv + 1
2
∫
Td
|u− uc(t)|2 dx+ 1
2(1 +M(t))
|uc(t)− vc(t)|2.
Note that the first two terms in (1.5) are modulated kinetic energies measuring the fluctuation of velocities
from the corresponding averaged quantities. The third term measures the difference between the averages of
particle and fluid velocities. By employing the above Lyapunov function or its variant, in [3, 11], see [16] for the
coupling with compressible fluids, the exponential decay estimate is discussed under suitable a priori assumptions
on the regularity of solutions and uniform-in-time integrability of the local particle density. Very recently,
under smallness conditions of sufficiently regular initial data, the uniform-in-time integrability assumption on
the local particle density is removed in [32] and the large-time behavior of solutions is rigorously established
for the system (1.1) without the nonlocal velocity alignment force Fa. We also refer to [4, 16, 20] for the
inhomogeneous/compressible fluid cases.
Before proceeding further, we introduce several notations used throughout the current work. For functions,
f(x, v) and u(x), ‖f‖Lp and ‖u‖Lp represent the usual Lp(Td × Rd)- and Lp(Td)-norms, respectively. We
denote by C a generic, not necessarily identical, positive constant, independent of t. For any nonnegative
integer k and p ∈ [1,∞], W k,p = W k,p(Td) stands for the k-th order Lp Sobolev space, and W k,pσ (Td) ={
u ∈W k,p(Td) : ∇x · u = 0
}
. In case k = 0, we typically write W 0,qσ (T
d) as Lqσ(T
d), and we denote by Hk =
Hk(Td) = W k,2(Td). Ck([0, T ];E) is the set of k-times continuously differentiable functions from an interval
[0, T ] ⊂ R into a Banach space E, and Lp(0, T ;E) is the set of functions from an interval (0, T ) to a Banach
space E. ∇k denotes any partial derivative ∂α with multi-index α, |α| = k.
1.1. Main result. Our main contribution is to provide the estimate of asymptotic behavior of strong solutions.
We first revisit the large-time behavior estimate of solutions for the system (1.1). We refine the assumptions
on the dimensions and the communication weight ψ compared to the previous results [3, 4, 11, 16], where the
assumptions on the dimension d ≥ 3 and ψm ≥ 0 are required. However, our careful analysis shows that the
drag force and the small initial mass M0 := M(0) can even cope with the misalignment interactions between
particles, i.e., the communication weight ψ can be negative. Throughout this paper, without loss of generality,
we may assume M0 ≤ 1. In addition, we relax the dimension restriction and provide the exponential decay of
the Lyapunov function for d ≥ 2 and ψm > −∞. To be more specific, our first main result reads as follows.
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Theorem 1.1. Let d ≥ 2 and (f, u) be a solution to the system (1.1) with sufficient integrability. Suppose the
following integrability condition on the local particle density holds:
‖ρf‖L∞(R+;L∞(Td)) <∞ with ρf (x, t) :=
∫
Rd
f(x, v, t) dv.
In case ψm < 0, the initial mass M0 =M0(ψm, ‖ρf‖L∞) > 0 is assumed to be sufficiently small. Otherwise, M0
is arbitrary. Then we have
L(f(t), u(t)) ≤ CL(f0, u0)e−Ct ∀ t ≥ 0,
where C > 0 is independent of t.
Remark 1.1. If ψm ≥ 0, then the integrability condition on ρf can be relaxed as
‖ρf‖L∞(R+;Lδ(Td)) <∞ with ρf (x, t) :=
∫
Rd
f(x, v, t) dv,
where δ > 0 is given by
δ ∈


(1,∞] if d = 2
[d/2,∞] if d ≥ 3
.
Remark 1.2. Since the total momentum of the system (1.1) is conserved in time, see Lemma 2.1 (ii) below,
|uc(t)− vc(t)| ≤ Ce−Ct
implies
|uc(t)− v∞|+ |vc(t)− v∞| ≤ Ce−Ct,
where v∞ := (M0vc(0) + uc(0))/(1 +M0). Indeed, it follows from Lemma 2.1 (ii) that
M(t)vc(t) + uc(t) =M0vc(0) + uc(0) for t ≥ 0.
This gives v∞ = (M0vc(t) + uc(t))/(1 +M0) and subsequently
uc(t)− v∞ = uc(t)− 1
1 +M0
(M0vc(t) + uc(t)) =
M0
1 +M0
(uc(t)− vc(t)) .
Similarly, we find
vc(t)− v∞ = 1
1 +M0
(vc(t)− uc(t)) .
Thus we obtain
|uc(t)− v∞|+ |vc(t)− v∞| ≤ |uc(t)− vc(t)| ≤ Ce−Ct
and
vc(t)→ 1
1 +M0
(M0vc(0) + uc(0)) and uc(t)→ 1
1 +M0
(M0vc(0) + uc(0))
exponentially fast as t→∞.
We further improve the asymptotic behavior estimate for the system (1.1). More precisely, we show that the
support of the particle distribution function f in velocity asymptotically shrinks to a point, which is the mean
of averaged initial particle and fluid velocities, exponentially fast as time tends to infinity. In particular, this
implies the exponential convergence of f towards the mono-kinetic distributions in the p-Wasserstein metric
with p ∈ [1,∞], see Section 2.2 for the definition of the p-Wasserstein metric and its properties. In order to
state our second main result, we recall the notions of weak and strong solutions to the system (1.1)-(1.2).
Definition 1.1. We say that (f, u) is a pair of weak solution to the system (1.1)-(1.2), provided that
f ∈ L∞loc(R+; (L1 ∩ L∞)(Td × Rd)) and u ∈ L∞loc(R+;L2σ(Rd)) ∩ L2loc(R+;W 1,2σ (Rd)),
and (f, u) solves the system (1.1)-(1.2) in the sense of distributions (see e.g. [2, Definition 4.1]). On the other
hand, if
f ∈ L∞loc(R+;W 2,q(Td × Rd)), u ∈ Lqloc(R+;W 2,qσ (Rd)), and ut ∈ Lqloc(R+;Lq(Rd))
for 1 ≤ q <∞, and (f, u) solves the system (1.1)-(1.2) pointwise a.e., then (f, u) is called to be a strong solution
to the system (1.1)-(1.2).
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We consider the two dimensional Navier–Stokes system and the three dimensional Stokes system for the fluid
part in (1.1). For the system (1.1)-(1.2), the global-in-time existence of strong solutions are studied in [21] for
two dimensional case and in [5] for the three dimensional case. In these works, any smallness assumptions on the
initial data are not required. On the other hand, the global-in-time existence of weak solutions to the system
(1.1)-(1.2) is discussed in [2].
Theorem 1.2. Let d = 2, 3 and (f0, u0) satisfy
f0 ∈ W 2,q(Td × Rd), u0 ∈W 2,q(Rd), 1 ≤ q <∞,
and the support of f0 in velocity is bounded. Suppose that (f, u) is a strong solution to the system (1.1)-(1.2) in
the sense of Definition 1.1. Suppose that the assumptions in Theorem 1.1 hold. Then the followings hold:
(i) For given k ∈ {0, 1, 2} and q ∈ [1,∞) there exist p = p(q, k, d, ψ, f0, u0) and C, independent of t and p,
such that (∫
Td×Rd
|v − vc(t)|p
∣∣(∇αx∇βvf)(x, v, t)∣∣q dxdv
)1/p
≤ Ce−Ct,
where vc(t) is defined in (1.4), and α and β are multi-indices with 0 ≤ |α|+ |β| ≤ k.
(ii) The fluid velocity u converges to its average uc(t) exponentially fast as t→∞:
‖u(·, t)− uc(t)‖L∞ ≤ Ce−Ct,
where C > 0 is independent of t and uc(t) is defined in (1.4). Moreover, the vorticity field ω := ∇x × u
vanishes exponentially fast as t→∞ in Lp-norm, where p is dependent on the dimension, namely
‖ω(·, t)‖Lp(T2) ≤ Ce−Ct for p <∞ and ‖ω(·, t)‖Lp(T3) ≤ Ce−Ct for p < 6,
where C > 0 is independent of t.
(iii) The support of f in velocity shrinks to a point v∞ = (M0vc(0) + uc(0))/(1 +M0) exponentially fast as
t→∞:
sup
v∈Σv(t)
|v − v∞| ≤ Ce−Ct,
where C > 0 is independent of t, and Σv denotes the v-projection of support of f .
To the best of our knowledge, the previous results [16, 20, 32] are based on the estimate of modulated kinetic
energies (1.5) from which we can obtain
W1(f(·, ·, t), ρf (·, t)⊗ δu(·,t)(·))→ 0
as t→∞ exponentially fast, i.e., the particle density f converges to the mono-kinetic distributions in the first
order Wasserstein metric. In the present work, as presented in Theorem 1.2, we employ a new weighted norm
by the p-th modulated velocity moments and establish the asymptotic behavior of solutions. Moreover, our
careful estimates do not depend on the exponent p, and this enables us to have that the support of the particle
distribution function f in velocity shrinks to the fluid velocity u as time goes to infinity, in fact, u converges to
the mean of averaged initial particle and fluid velocities. In particular, this yields
Wp(f(·, ·, t), ρf (·, t)⊗ δu(·,t)(·))→ 0
as t → ∞ exponentially fast for any p ∈ [1,∞]. Indeed, if we consider a map πv∞ : (x, v) 7→ (x, v∞), then for
any ϕ ∈ Cb(Td × Rd),∫
Td×Rd
ϕ(x, v)(πv∞#f)(dxdv) =
∫
Td×Rd
ϕ(x, v∞)f(x, v) dxdv
=
∫
Td
ϕ(x, v∞)ρf (x) dx
=
∫
Td×Rd
ϕ(x, v)ρf (x) dx ⊗ δv∞(dv),
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where ·# · denotes the push-forward of a measure, which is defined in Definition 2.2 below. This together with
Theorem 1.2 (iii) yields that for any p ∈ [1,∞)
Wp(f(·, ·, t), ρf (·, t)⊗ δu(·,t)(·))
≤ Wp(f(·, ·, t), ρf (·, t)⊗ δv∞(·)) +Wp(ρf (·, t)⊗ δu(·,t)(·), ρf (·, t)⊗ δv∞(·))
≤
(∫
Td×Rd
|(x, v) − (x, v∞)|pf(x, v, t) dxdv
)1/p
+ ‖u(·, t)− v∞‖L∞ ≤ Ce−Ct,
where C > 0 is independent of t. Since the right hand side of the above inequality does not depend on p, we
can pass to the limit p→∞, and this concludes
W∞(f(·, ·, t), ρf (·, t)⊗ δu(·,t)(·)) ≤ Ce−Ct,
where C > 0 is independent of t.
Remark 1.3. Our strategy requires the a priori assumption on the uniform-in-time bound of the local particle
density, however, as mentioned above, this assumption can be removed in [32] when there is no velocity-alignment
force Fa in (1.1) and the initial Lyapunov function L(f0, u0) is small enough. Thus we can make our computa-
tions fully rigorous by ignoring the velocity alignment force Fa with restriction of smallness of initial data.
1.2. Strategies of the proof and organization of the paper. We first recall some known a priori energy
estimates and the notion of Wasserstein distance of order p and its properties in Section 2.
In Section 3, we revisit the large-time behavior estimate of solutions to the system (1.1) which proves our first
main result Theorem 1.1. As mentioned before, we refine some assumptions that used in previous works under
the uniform-in-time bound assumption on the local particle density. We consider the drag force as a relative
damping of particle velocity and extract the dissipative effect for the modulated kinetic energy of the particle
distribution. On the other hand, for the convergence of fluid velocity, we properly use the diffusion term to
control the energy growth. This allows us to take care of the velocity misalignment interactions. Note that the
Lyapunov functional L(f, u) is constructed based on the modulated kinetic energies, in particular, this result
asserts ∫
Td×Rd
|v − vc(t)|2f(x, v, t) dxdv +
∫
Td
|u(x, t)− uc(t)|2 dx ≤ Ce−Ct ∀ t ≥ 0.
Section 4.1 is devoted to the proof of Theorem 1.2 for k = 0. We notice that the exponential decay estimate
of the Lyapunov functional L(f, u) appeared in (1.5) implies the exponential decay of the drag forces in the
fluid equations in (1.1). More precisely, in Lemma 4.2, we show∥∥∥∥
∫
Rd
f(·, v, t)(u(·, t)− v) dv
∥∥∥∥
L2
≤ Ce−Ct ∀ t ≥ 0.
We then improve the decay estimate of fluid velocity. In order to have the decay estimate in better function
spaces, we rewrite the fluid equations in (1.1) as the equations of vorticity ω = ∇x × u:
∂tω −∆xω + (1− δd,3)u · ∇xω = ∇x ×
(∫
Rd
f(u− v) dv
)
.
By using the exponential decay of the drag force and heat kernel estimate in Td, in Lemma 4.4 we improve the
exponential decay estimate of the fluid velocity:
‖u(·, t)− uc(t)‖L∞ ≤ Ce−Ct ∀ t ≥ 0.
Moreover, as stated in Theorem 1.2 we have the exponential decay estimates of the vorticity ω in Lp(Td)-norm,
where p depends on the dimensions. We finally combine these improved decay estimate of fluid velocity and the
growth estimate of Lq-norm of the particle distribution function f to have the exponential decay estimate:(∫
Td×Rd
|v − vc(t)|pf q(x, v, t) dxdv
)1/p
≤ Ce−Ct ∀ t ≥ 1
in Proposition 4.1. Here, the proper dissipation rate is obtained from the drag forces. Furthermore, our careful
analysis also provides that the constant C > 0 appeared in the above is independent of both p and t. This
enables us to consider the limit p→ +∞ and have the estimate of support of f in velocity, see Corollary 4.1.
In Section 4.2, we further extend these estimates to the weightedW 2,q-norm. Here our starting point is again
to estimate the drag force in the fluid equations in (1.1). The core idea is the same with the previous estimate.
We use the drag and viscous forces to have a proper dissipative effects. Since the decay estimates obtained
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in Section 4.1 imply that u − uc and
∫
Rd
(v − vc)f dv converge to zero exponentially fast in Lp(Td) with any
p ∈ [2,∞], we also have ∥∥∥∥
∫
Rd
f(·, v, t)(u(·, t)− v) dv
∥∥∥∥
Lp
≤ Ce−Ct ∀ t ≥ 1
for 2 ≤ p ≤ ∞, see Lemma 4.6 for details. It seems hard to obtain some decay estimates of fluid velocity u with
higher order derivatives by using this decay estimate. However, at least, this provides some integrability of u,
and in particular we have the following growth estimate in Lemma 4.10:
‖∇xω(·, t)‖L∞ + ‖∇2xu(·, t)‖Lp ≤ CeC(1+t) ∀ t ≥ 1
for any p < ∞. Let us point out that in this step it is important to have the linear growth rate of t in the
exponent. Using those observations combined with the growth estimate of W k,q(Td × Rd)-norm of f , k = 1, 2,
we estimate (∫
Td×Rd
|v − vc(t)|p
∣∣(∇αx∇βvf)(x, v, t)∣∣q dxdv
)1/p
≤ Ce−Ct ∀ t ≥ 1
for 1 ≤ |α|+ |β| ≤ k. This completes the proof of Theorem 1.2.
2. Preliminaries
2.1. A priori energy estimates. We first provide estimates of conservation laws and total energy dissipation
in the lemma below. Since the proof can be found in [2, 3], we omit it here.
Lemma 2.1. Let (f, u) be a solution to the system (1.1) with sufficient integrability. Then we have the following
estimates:
(i) The total mass of f is conserved in time:∫
Td×Rd
f(x, v, t) dxdv =
∫
Td×Rd
f0(x, v) dxdv =M0 ∀ t ≥ 0.
(ii) The total momentum is conserved in time:∫
Td×Rd
vf(x, v, t) dxdv +
∫
Td
u(x, t) dx =
∫
Td×Rd
vf0(x, v) dxdv +
∫
Td
u0(x) dx ∀ t ≥ 0.
(iii) The total energy is not increasing in time:
1
2
d
dt
(∫
Td×Rd
|v|2f dxdv +
∫
Td
|u|2 dx
)
+
∫
Td
|∇xu|2 dx +
∫
Td×Rd
|u− v|2f dxdv
≤ −1
2
∫
T2d×R2d
ψ(x− y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw.
We notice that the weak solution defined in the sense of Definition 1.1 satisfies the energy estimates in Lemma
2.1. More precisely, we refer to [32, Lemma 3.1] for the first two conservations and [2, Theorem 4.2] for the
energy dissipation estimates (iii).
Remark 2.1. By Lemma 2.1 (iii), if the communication weight function ψ is nonnegative, i.e., ψm ≥ 0, then
we have the following integrability: ∫ ∞
0
∫
Td×Rd
|u− v|2f dxdvdt <∞.
On the other hand, that integrand can be rewritten as∫
Td×Rd
|u− v|2f dxdv =
∫
Td×Rd
ρf |u− uf |2 dxdv +
∫
Td×Rd
|uf − v|2f dxdv,
where uf = uf(x, t) denotes the local particle density defined by
uf(x, t) :=
∫
Rd
vf(x, v, t) dv∫
Rd
f(x, v, t) dv
,
and this yields
lim
t→∞
∫ t+1
t
∫
Td×Rd
ρf |u− uf |2 dxdvds = 0 and lim
t→∞
∫ t+1
t
∫
Td×Rd
|uf − v|2f dxdvds = 0.
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2.2. p-Wasserstein distance. In this subsection, we present several definition and properties of Wasserstein
distance.
Definition 2.1. Let µ and ν be two Borel probability measures on Td. Then the Euclidean Wasserstein distance
of order 1 ≤ p <∞ between µ and ν is defined as
Wp(µ, ν) := inf
γ∈Γ(µ,ν)
(∫
Td×Td
|x− y|pγ(dxdy)
)1/p
for p <∞ and
W∞(µ, ν) := inf
γ∈Γ(µ,ν)
ess sup
(x,y)∈supp(γ)
|x− y|,
where Γ(µ, ν) is the set of all probability measures on Td×Td with first and second marginals µ and ν, respectively,
i.e., ∫
Td×Td
(ϕ(x) + ψ(y)) γ(dxdy) =
∫
Td
ϕ(x)µ(dx) +
∫
Td
ψ(y) ν(dy)
for each ϕ, ψ ∈ C(Td).
Let us denote by Pp(Td) the set of probability measures in Td with p-th moment bounded. Then Pp(Td), 1 ≤
p <∞ is a complete metric space endowed with the p-Wassertein distanceWp, see [1, 40]. In particular for p = 1,
Wasserstein-1 distance W1, which is also often called Monge-Kantorovich-Rubinstein distance, is equivalent to
the bounded Lipschitz distance:
dBL(µ, ν) = sup
{∫
Td
ϕ(x)(µ(dx) − ν(dx)) : ϕ ∈ Lip(Td), Lip(ϕ) ≤ 1
}
,
where Lip(Td) and Lip(ϕ) denote the set of Lipschitz functions on Td and the Lipschitz constant of a function
ϕ, respectively.
We next present the definition of the push-forward of a measure by a mapping which gives some relation
between Wasserstein distances and optimal transportation.
Definition 2.2. Let µ be a Borel measure on Td and T : Td → Td be a measurable mapping. Then the
push-forward of µ by T is the measure ν defined by
ν(B) = µ(T −1(B)) for B ⊂ Td,
and denoted as ν = T #µ.
We then provide some classical properties whose proofs may be found in [40].
Proposition 2.1. (i) The definition of ν = T #µ is equivalent to∫
Td
φ(x) ν(dx) =
∫
Td
φ(T (x))µ(dx)
for all φ ∈ Cb(Td).
(ii) Given µ0 ∈ Pp(Td), consider two measurable mappings X1, X2 : Td → Td, then the following holds:
Wp(X1#µ0, X2#µ0) ≤
(∫
Td×Td
|x− y|p γ(dxdy)
)1/p
=
(∫
Td
|X1(x) −X2(x)|p µ0(dx)
)1/p
.
Here we took the transference plan γ = (X1 ×X2)#µ0.
3. Proof of Theorem 1.1: A revisit to the estimate of asymptotic behavior
In this section, we provide the details of the proof of Theorem 1.1.
Direct computations yield
1
2
d
dt
(∫
Td×Rd
|v − vc(t)|2f dxdv +
∫
Td
|u− uc(t)|2 dx+ 1
1 +M0
|uc(t)− vc(t)|2
)
= −
∫
Td×Rd
|u− v|2f dxdv −
∫
Td
|∇xu|2 dx
− 1
2
∫
T2d×R2d
ψ(x − y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw
=: −D(f(t), u(t)).
(3.1)
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On the other hand, due to Young’s inequality, it follows that
∫
Td×Rd
|u − v|2f dxdv
=
∫
Td×Rd
|u− uc + uc − vc + vc − v|2f dxdv
≥
(
1− 2
ε
)∫
Td
|u− uc|2ρf dx+ (1− ε)M0|uc − vc|2 + (1− ε)
∫
Td×Rd
|v − vc|2f dxdv,
where ε > 0 will be determined later. Together with the following estimate
1
2
∫
T2d×R2d
ψ(x− y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw ≥ ψmM0
∫
Td×Rd
|v − vc|2f dxdv,
we obtain∫
Td×Rd
|u− v|2f dxdv + 1
2
∫
T2d×R2d
ψ(x− y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw
≥ (1 − ε)M0|uc − vc|2 + (1 + ψmM0 − ε)
∫
Td×Rd
|v − vc|2f dxdv +
(
1− 2
ε
)∫
Td
|u − uc|2ρf dx.
(3.2)
We then choose ε > 0 and M0 > 0 small enough so that 1+ψmM0− ε > 0. Note that, via Sobolev embedding,
we have
(3.3)
∫
Td
|u− uc|2ρf dx ≤ C‖ρf‖Lδ‖∇xu‖2L2.
Indeed, for δ ∈ (1,∞] by Ho¨lder’s inequality we find
∫
T2
|u− uc|2ρf dx ≤ ‖ρf‖Lδ
(∫
T2
|u− uc|2δ
′
dx
)1/δ′
= ‖ρf‖Lδ‖u− uc‖2L2δ′ ,
where δ′ is the Ho¨lder conjugate of δ. We now choose p = 2δ′/(1 + δ′), then we can easily check p < 2 and
applying Gagliardo–Nirenberg–Sobolev inequality gives
‖u− uc‖2L2δ′ ≤ ‖u− uc‖W 1,p ≤ C‖u− uc‖W 1,2 ≤ C‖∇xu‖L2
due to the boundedness of our spatial domain and Poincare´ inequality. This asserts
∫
T2
|u− uc|2ρf dx ≤ C‖ρf‖Lδ‖∇xu‖2L2
for δ ∈ (1,∞]. On the other hand, if d > 2, we have
∫
Td
|u− uc|2ρf dx ≤ ‖ρf‖Ld/2‖u− uc‖2L2d/(d−2) ≤ C‖ρf‖Ld/2‖∇xu‖2L2 ≤ C‖ρf‖Lδ‖∇xu‖2L2
for δ ∈ [d/2,∞]. Since (1− 2/ε) < 0, combining (3.2) and (3.3) implies
∫
Td×Rd
|u− v|2f dxdv + 1
2
∫
T2d×R2d
ψ(x− y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw
≥ (1− ε)M0|uc − vc|2 + (1 + ψmM0 − ε)
∫
Td×Rd
|v − vc|2f dxdv + C‖ρf‖Lδ
(
1− 2
ε
)∫
Td
|∇xu|2 dx.
(3.4)
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If ψm ≥ 0, due to (3.3), we get
L(f(t), u(t)) ≤ c0(1− ε)M0|uc − vc|2 + c0(1 + ψmM0 − ε)
∫
Td×Rd
|v − vc|2f dxdv +
∫
Td
|u− uc|2 dx
≤ C
∫
Td
|∇xu|2 dx+ c0
((
2
ε
− 1
)∫
Td
|u− uc|2ρf dx+
∫
Td×Rd
|u− v|2f dxdv
)
+
c0
2
∫
T2d×R2d
ψ(x − y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw
≤ C
(∫
Td×Rd
|u− v|2f dxdv +
∫
Td
|∇xu|2 dx
)
+
C
2
∫
T2d×R2d
ψ(x − y)|v − w|2f(x, v, t)f(y, w, t) dxdydvdw,
where c0 > 0 is given by
c0 = max
{
1
4M0(1− ε) ,
1
2(1 + ψmM0 − ε)
}
.
This implies that there exists C > 0 independent of t such that
D(f(t), u(t)) ≥ CL(f(t), u(t)),
Combining this and (3.1) asserts
d
dt
L(f(t), u(t)) + C−1L(f(t), u(t)) ≤ 0,
and thus, we deduce the exponential decay of the functional L.
On the other hand, if ψm < 0, then we find from (3.4) with δ = d that
D(f(t), u(t)) ≥ (1− ε)M0|uc − vc|2 + (1 + ψmM0 − ε)
∫
Td×Rd
|v − vc|2f dxdv
+
(
1− C‖ρf‖Ld
(
2
ε
− 1
))∫
Td
|∇xu|2 dx.
Note that the interpolation inequality gives
‖ρf(·, t)‖Ld ≤ ‖ρf(·, t)‖(d−1)/dL∞ ‖ρf (·, t)‖1/dL1 ≤ ‖ρf‖
(d−1)/d
L∞(Td×R+)M
1/d
0 ,
and thus by choosing the initial mass M0 > 0 small enough to get
C‖ρf‖Ld
(
2
ε
− 1
)
< C‖ρf‖(d−1)/dL∞(Td×R+)M
1/d
0
(
2
ε
− 1
)
< 1.
This together with applying the Poincare´ inequality yields
D(f(t), u(t)) ≥ (1− ε)M0|uc − vc|2 + (1 + ψmM0 − ε)
∫
Td×Rd
|v − vc|2f dxdv + c1
∫
Td
|u− uc|2 dx
for some c1 > 0. This implies that there exists C > 0 independent of t such that
D(f(t), u(t)) ≥ CL(f(t), u(t)).
Hence we have from (3.1) the desired exponential decay of L(f(t), u(t)).
4. Proof of Theorem 1.2: Exponential decays estimates
4.1. Exponential decays of weighted Lq estimates. We first begin with the estimate of the growth rate of
Lp-norm of f .
Lemma 4.1 (Lq-estimate of f). Let 1 ≤ q ≤ ∞ and (f, u) be the strong solution defined in Definition 1.1 to
the system (1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
(4.1)
(∫
Td×Rd
f q(x, v, t) dxdv
) 1
q
≤
(∫
Td×Rd
f q0 dxdv
) 1
q
ed(
q−1
q )(ψM+1)t ∀ t ≥ 0
for 1 ≤ q <∞ and
(4.2) ‖f‖L∞(Td×Rd) ≤ ‖f0‖L∞(Td×Rd) ed(ψM+1)t ∀ t ≥ 0.
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Proof. It follows from the kinetic part in (1.1) that
1
q
d
dt
∫
Td×Rd
f q dxdv = −
∫
Td×Rd
∇v · (F (f, u)f)f q−1 dxdv
=
q − 1
q
∫
Td×Rd
F (f, u) · ∇v(f q) dxdv = d(q − 1)
q
∫
Td×Rd
(1 + ψ ⋆ ρf )f
q dxdv,
where we used
∇v · F (f, u) = −d− d
∫
Td×Rd
ψ(x− y)f(y, w) dydw = −d(1 + ψ ⋆ ρf).
Thus, due to (1.3), we obtain
(4.3)
d
dt
∫
Td×Rd
f q dxdv ≤ d(q − 1)(1 + ψM )
∫
Td×Rd
f q dxdv.
Applying Gro¨nwall’s lemma, we deduce (4.1), and (4.2) simply follows by passing q to the limit in (4.1). 
We next present the exponential decay estimate of L2-norm of the drag force in the fluid equation in (1.1).
Lemma 4.2. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system (1.1)-(1.2). Under
the same assumptions as in Theorem 1.2, there exists a constant C > 0, independent of t, such that∥∥∥∥
∫
Rd
f(u− v) dv
∥∥∥∥
L2
≤ Ce−Ct ∀ t ≥ 0.
Proof. A straightforward computation gives∫
Rd
f(u− v) dv = ρf (u− uc) + ρf (uc − vc) +
∫
Rd
f(vc − v) dv,
and taking L2-norm to the above yields∥∥∥∥
∫
Rd
f(u− v) dv
∥∥∥∥
L2
≤ ‖ρf‖L∞(‖u− uc‖L2 + (2π)
d
2 |uc − vc|) +
∥∥∥∥
∫
Rd
f(vc − v) dv
∥∥∥∥
L2
≤ Ce−Ct +
∥∥∥∥
∫
Rd
f(vc − v) dv
∥∥∥∥
L2
,
where we used the result of Theorem 1.1. For the estimate of the second term on the right hand side of the
above inequality, we use the fact∫
Td
∣∣∣∣
∫
Rd
f(vc − v) dv
∣∣∣∣
2
dx ≤
∫
Td
ρf
(∫
Rd
f |vc − v|2 dv
)
dx ≤ ‖ρf‖L∞
∫
Td×Rd
f |vc − v|2 dxdv
together with Theorem 1.1 to have∥∥∥∥
∫
Rd
f(vc − v) dv
∥∥∥∥
L2
≤ C‖ρf‖1/2L∞
(∫
Td×Rd
f |vc − v|2 dxdv
)1/2
≤ Ce−Ct
for some cosntatnt C > 0, independent of t. This completes the proof. 
In order to obtain the time-asymptotic behavior of solutions, we need to estimate the heat kernel on the
periodic domain Td, d = 2, 3. For an integrable function u on Td, we define its multiple Fourier series expansion
as
u(x) =
∑
ξ∈Zd
cF(u)(ξ)eiξ·x,
where cF (u) is the Fourier coefficient given by
cF (u)(ξ) :=
1
(2π)d
∫
Td
u(x)e−iξ·x dx.
Then the heat semigroup generated by ∆x, which is defined by
(4.4) et∆xu0(x) =
∑
ξ∈Zd
e−t|ξ|
2+iξ·xcF(u0)(ξ)
is the solution of the heat equation
∂tu = ∆xu, (x, t) ∈ Td × R
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with the initial data u(x, t)|t=0 = u0(x), x ∈ Td. Note that the heat semigroup can be rewritten as the
convolution formula:
et∆xu0(x) =
∫
Td
Γ(x− y, t)u0(y) dy.
Here the heat kernel Γ(x, t) on Td is given by
(4.5) Γ(x, t) =
1
(2π)d
∑
ξ∈Zd
e−t|ξ|
2+iξ·x =
1
(4πt)d/2
∑
ξ∈Zd
e−
|x−2πξ|2
4t .
In the following lemma, we provide some integrability estimates of the heat kernel Γ. Although those results
are probably standard, details will be shown in Appendix A since we cannot specify appropriate references.
Lemma 4.3. Let Γ be the heat kernel defined in (4.5). Then we have∥∥∥∥Γ(·, t)− 1(2π)d
∥∥∥∥
Lp
≤ C
(
t−1 + t−
d
2
)1− 1p
e−t(1−
1
p )
‖∇xΓ(·, t)‖Lp ≤ C
(
t−(1−
1
2p ) + t−
d
2 (1− 1p)− 12
)
e−t(1−
1
p )
for d = 2, 3 and 1 ≤ p ≤ ∞. Here C > 0 is independent of t and uniformly bounded in p.
Remark 4.1. For p > 1 and t ≥ 1, we obtain from Lemma 4.3 that∥∥∥∥Γ(·, t)− 1(2π)d
∥∥∥∥
Lp
+ ‖∇xΓ(·, t)‖Lp ≤ Ce−Ct,
where C > 0 is independent of t.
Next, we will show the exponential decay of fluid field. For convenience, we denote the vorticity field by
ω = ∇x × u in two and three dimensions.
Lemma 4.4. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system (1.1)-(1.2). Under
the same assumptions as in Theorem 1.2, there exists a constant C > 0, independent of t, such that
(4.6) ‖u(·, t)− uc(t)‖L∞ ≤ Ce−Ct,
(4.7) ‖ω(·, t)‖Lp(T2) ≤ Ce−Ct for p <∞,
(4.8) ‖ω(·, t)‖Lp(T3) ≤ Ce−Ct for p < 6.
Proof. For notational simplicity, we denote G(x, t) := − ∫
Rd
(u − v)f dv. We consider the vorticity equation
ω = ∇x × u for d = 2, 3:
(4.9) ∂tω −∆xω + (1− δd,3)u · ∇xω = ∇x ×G.
First, we provide the exponential decay estimate of ω in L2(Td). Multiplying (4.9) by ω and integrating the
resulting equation gives the following energy estimate for ω:
d
dt
∫
Td
|ω|2 dx+
∫
Td
|∇xω|2 dx ≤
∫
Td
|G|2 dx.
Since by Lemma 4.2 the right hand side of the above inequality is bounded by Ce−Ct, applying Poincare´
inequality yields
d
dt
∫
Td
|ω|2 dx+ C
∫
Td
|ω|2 dx ≤ Ce−Ct.
We then use the Gro¨nwall’s lemma to obtain∫
Td
|ω|2 dx ≤ Ce−Ct ∀ t ≥ 0,
where C > 0 is independent of t.
We next extend the above exponential decay estimate in L2(Td) space to Lp(Td), where p depends on the
dimension. First, we consider the case d = 3 and write
ω(x, t) = (Γ ⋆ ω0)(x, t)−
∫ t
0
∫
T3
∇xΓ(x− y, t− s)×G(y, s) dyds,
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where Γ is the heat kernel appeared in (4.5). Note that
∫
Td
ω0 dx = 0, then it follows from Remark 4.1 that
‖(Γ ∗ ω0)(t)‖Lp(T3) ≤ Ce−Ct
for all 1 ≤ p ≤ ∞ and t ≥ 1, where C > 0 is independent of t and p. On the other hand, we split the second
term as follows:∫ t
0
∫
T3
∇xΓ(x− y, t− s)×G(y, s) dyds =
(∫ t
2
0
+
∫ t
t
2
)∫
T3
∇xΓ(x− y, t− s)×G(y, s) dyds
=: I1 + I2.
By definition, ∇xΓ is regular for s < t/2, moreover, by Lemma 4.3, any Lq-norm of that is bounded from above
by Ce−Ct. Thus by using Young’s convolution inequality, we estimate I1 as
‖I1‖Lp ≤
∫ t
2
0
‖∇Γ(·, t− s)‖Lq ‖G(·, s)‖L2 ds ≤ Ce−Ct
∫ t
2
0
‖G(·, s)‖L2 ds ≤ Ce−Ct,
where 1/p = 1/q − 1/2. For I2, we use Lemmas 4.2 and 4.3 to find
‖I2‖Lp ≤
∫ t
t
2
(t− s)− 32 ( 12− 1p)− 12 ‖G(·, s)‖L2 ds ≤ sup
t
2≤s≤t
‖G(·, s)‖L2 t−
3
2 (
1
2− 1p )+ 12 ≤ Ce−Ct.
Here we also used
3
2
(
1
2
− 1
p
)
+
1
2
< 1 due to p < 6. Combining the above estimates asserts (4.8), which further
implies via Gagliardo-Nirenberg interpolation inequality and Korn’s inequality that for 3 < p < 6
‖u(·, t)− uc(t)‖L∞ ≤ C ‖u(·, t)− uc(t)‖θL2 ‖∇xu(·, t)‖1−θLp
≤ C ‖u(·, t)− uc(t)‖θL2 ‖ω(·, t)‖1−θLp + C ‖u(·, t)− uc(t)‖L2
≤ C ‖ω(·, t)‖θL2 ‖ω(·, t)‖1−θLp + C ‖ω(·, t)‖L2
≤ Ce−Ct,
(4.10)
where θ = 2(p− 3)/(5p− 6) and we used (4.8).
Now, it remains to treat the two dimensional case. We notice that
u⊗ ω ∈ Lp((0,∞);Lq(T2)) for all 1 ≤ q < 2 and 1 ≤ p ≤ ∞
and
‖(u⊗ ω)(·, t)‖Lq ≤ Ce−Ct.
Indeed, let q∗ > 0 with 1/q∗ = 1/q − 1/2
‖(uω)(·, t)‖Lq ≤ ‖(u(·, t)− uc(t))ω(·, t)‖Lq + |uc(t)| ‖ω(·, t)‖Lq
≤ ‖u(·, t)− uc(t)‖Lq∗ ‖ω(·, t)‖L2 + C ‖u(·, t)‖L2 ‖ω(·, t)‖L2
≤ ‖∇xu(·, t)‖L2 ‖ω(·, t)‖L2 + C ‖u(·, t)‖L2 ‖ω(·, t)‖L2
≤ C‖ω(·, t)‖2L2 + C‖u(·, t)‖L2 ‖ω(·, t)‖L2
≤ Ce−Ct,
where C > 0 is independent of t. Since G is in L∞(R+;L2(T2)) by Lemma 4.2, it also belongs to L∞(R+;Lq(T2))
for 1 ≤ q < 2. Now we use the representation formula
ω(x, t) = (Γ ⋆ ω0)(x, t)−
∫ t
0
∫
T2
∇xΓ(x− y, t− s)(u⊗ ω)(y, s) dyds
−
∫ t
0
∫
T2
∇xΓ(x− y, t− s)×G(y, s) dyds.
The first term, we can have the same estimate as in the three dimensional case. Thus it suffices to estimate the
other terms. It is worth noticing that the terms G and u ⊗ ω are in L∞(R+;L2(T2)), and moreover they have
the same exponential decay estimates. For that reason, we only provide the decay estimate of one of them, say
G. Similarly as before, for any 2 ≤ p < q/(2− q) let us divide that into two terms:(∫ t
2
0
+
∫ t
t
2
)∫
T2
∇xΓ(x− y, t− s)×G(y, s) dyds =: I3 + I4.
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Then by using almost the same argument as before, we obtain
‖I3‖Lp ≤
∫ t
2
0
‖∇xΓ(·, t− s)‖Lr ‖G(·, s)‖Lq ds ≤ Ce−Ct
∫ t
2
0
‖G(·, s)‖Lq ds ≤ Ce−Ct
and
‖I4‖Lp ≤
∫ t
t
2
(t− s)−( 1q− 1p )− 12 ‖G(·, s)‖Lq ds ≤ sup
t
2≤s≤t
‖G(·, s)‖Lq t−(1−
1
r )+
1
2 ≤ Ce−Ct,
where 1 = 1/r + 1/q − 1/p and C > 0 is independent of t and uniformly bounded in p. This asserts (4.7). We
then use a similar argument as (4.10) to get
‖u(·, t)− uc(t)‖L∞ ≤ C ‖ω(·, t)‖θL2 ‖ω(·, t)‖1−θLp + C ‖ω(·, t)‖L2 ≤ Ce−Ct,
where θ = 2(p− 2)/(4p− 4). This completes the proof. 
Next proposition shows the exponential decay estimate of generalized moments of particle distribution func-
tion f , which is a part of Theorem 1.2 for the case k = 0.
Proposition 4.1. Let q ≥ 1 and d = 2 or 3. Suppose that (f, u) is the strong solution defined in Definition 1.1
to the system (1.1)-(1.2). Under the same assumptions as in Theorem 1.2, there exists p = p(q, d, ψ, f0, u0) > 2
large enough such that (∫
Td×Rd
|v − vc(t)|pf q(x, v, t) dxdv
)1/p
≤ Ce−Ct ∀ t ≥ 1,
where C > 0 is independent of p and t.
Proof. Straightforward computations give
1
q
d
dt
∫
Td×Rd
|v − vc(t)|pf q dxdv
= −p
q
∫
Td×Rd
|v − vc(t)|p−2(v − vc) · v′c(t)f q dxdv +
∫
Td×Rd
|v − vc(t)|pf q−1∂tf dxdv
=: J1 + J2.
To estimate J1, we note, due to Theorem 1.1, that
|v′c(t)| =
∣∣∣∣
∫
Td×Rd
(u− v)f dxdv
∣∣∣∣ =
∣∣∣∣
∫
Td×Rd
(u− uc(t) + uc(t)− vc(t) + vc(t)− v)f dxdv
∣∣∣∣
≤ C‖ρf‖L∞
(∫
Td
|u− uc(t)|2 dx
)1/2
+M0|uc(t)− vc(t)|+
(∫
Td×Rd
|v − vc(t)|2f dxdv
)1/2
≤ Ce−Ct
for some C > 0 independent of t. Thus it follows from Young’s inequality that
J1 ≤ p
q
∫
Td×Rd
|v − vc(t)|p−1|v′c(t)|f q dxdv
≤ pδ
q
∫
Td×Rd
|v − vc(t)|pf q dxdv + Cpq,δe−Cpt
∫
Td×Rd
f q dxdv,
where Cq,δ > 0 is independent of p and δ > 0 will be determined later.
On the other hand, using the integration by parts, we compute J2 as follows:
J2 =
∫
Td×Rd
|v − vc(t)|pf q−1(−v · ∇xf −∇v · (F (f, u)f)) dxdv
=
∫
Td×Rd
∇v
(|v − vc(t)|pf q−1) · F (f, u)f dxdv,
where we used
−
∫
Td×Rd
|v − vc(t)|pf q−1v · ∇xf dxdv = −1
q
∫
Td×Rd
|v − vc(t)|p∇x · (vf q) dxdv = 0.
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Continuing computations for J2, we get
J2 =
∫
Td×Rd
(
p|v − vc(t)|p−2(v − vc(t))f q−1 + |v − vc(t)|p(q − 1)f q−2∇vf
) · F (f, u)f dxdv
= p
∫
Td×Rd
|v − vc(t)|p−2(v − vc(t)) · F (f, u)f q dxdv + (q − 1)
∫
Td×Rd
|v − vc(t)|pf q−1∇vf · F (f, u) dxdv.
We further estimate the second term on the right side of the above equality as
(q − 1)
∫
Td×Rd
|v − vc(t)|pf q−1∇vf · F (f, u) dxdv
=
q − 1
q
∫
Td×Rd
|v − vc(t)|p∇vf q · F (f, u) dxdv = 1− q
q
∫
Td×Rd
∇v · (|v − vc(t)|pF (f, u)) f q dxdv
=
1− q
q
∫
Td×Rd
(
p|v − vc(t)|p−2(v − vc(t)) · F (f, u)− d|v − vc(t)|p(1 + ψ ⋆ ρf )
)
f q dxdv.
Summing up, we have
J2 =
p
q
∫
Td×Rd
|v − vc(t)|p−2(v − vc(t)) · F (f, u)f q dxdv
+ d
(
1− 1
q
)∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc(t)|pf q dxdv =: J12 + J22 .
We next estimate the first term J12 =: J
11
2 + J
12
2 as
J112 :=
p
q
∫
Td×Rd
|v − vc(t)|p−2(v − vc(t)) · Fa(f)f q dxdv
=
p
q
∫
T2d×R2d
|v − vc(t)|p−2(v − vc(t)) · (w − vc(t) + vc(t)− v)ψ(x − y)f(y, w)f q(x, v) dxdydvdw
= −p
q
∫
T2d×R2d
|v − vc(t)|pψ(x − y)f(y, w)f q(x, v) dxdydvdw
+
p
q
∫
T2d×R2d
|v − vc(t)|p−2(v − vc(t)) · (w − vc(t))ψ(x − y)f(y, w)f q(x, v) dxdydvdw
≤ −pψmM0
q
∫
Td×Rd
|v − vc(t)|pf q dxdv
+
pψM
q
∫
Td×Rd
|v − vc(t)|p−1
(∫
Td×Rd
|w − vc(t)|2f dydw
)1/2
f q dxdv
≤ −pψmM0
q
∫
Td×Rd
|v − vc(t)|pf q dxdv + Cpq,δe−Cpt
∫
Td×Rd
f q dxdv
+
pψMδ
q
∫
Td×Rd
|v − vc(t)|pf q dxdv.
Here δ > 0 will be chosen small enough later. Similarly, we also obtain
J122 :=
p
q
∫
Td×Rd
|v − vc(t)|p−2(v − vc(t)) · (u− v)f q dxdv
=
p
q
∫
Td×Rd
|v − vc(t)|p−2(v − vc(t)) · (u− uc(t) + uc(t)− vc(t) + vc(t)− v)f q dxdv
≤ p
q
∫
Td×Rd
|v − vc(t)|p−1|u− uc(t)|f q dxdv + p
q
∫
Td×Rd
|v − vc(t)|p−1|uc(t)− vc(t)|f q dxdv
− p
q
∫
Td×Rd
|v − vc(t)|pf q dxdv
≤ −p
q
(1− δ)
∫
Td×Rd
|v − vc(t)|pf q dxdv + Cpq,δ‖u− uc(t)‖pL∞
∫
Td×Rd
f q dxdv
+ Cpq,δe
−Cpt
∫
Td×Rd
f q dxdv.
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Adding up the estimates, we obtain
d
dt
∫
Td×Rd
|v − vc(t)|pf q dxdv
≤ −pψmM0
∫
Td×Rd
|v − vc(t)|pf q dxdv + Cpq,δe−Cpt
∫
Td×Rd
f q dxdv − p(1− Cδ)
∫
Td×Rd
|v − vc(t)|pf q dxdv
+ Cpq,δ‖u− uc(t)‖pL∞
∫
Td×Rd
f q dxdv − d (q − 1)
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc(t)|pf q dxdv
≤ −p (1 + ψmM0 − Cδ)
∫
Td×Rd
|v − vc(t)|pf q dxdv + Cpq,δ
(
e−Cpt + ‖u− uc(t)‖pL∞
) ∫
Td×Rd
f q dxdv,
where C > 0 is independent of δ and p, and we used 1 + ψ ⋆ ρf ≥ 1 + ‖ρf‖L1ψm = 1 + ψmM0 > 0 for M0 > 0
small enough. We further use Lemma 4.1 to have
d
dt
∫
Td×Rd
|v − vc(t)|pf q dxdv ≤ −p (1 + ψmM0 − Cδ)
∫
Td×Rd
|v − vc(t)|pf q dxdv
+ Cpq,δ
(
e−Cpt + ‖u− uc(t)‖pL∞
)(∫
Td×Rd
f q0 dxdv
)
ed(q−1)(ψM+1)t,
(4.11)
where Cq,δ > 0 is independent of p. Putting the estimate (4.6) into (4.11) yields
d
dt
∫
Td×Rd
|v − vc(t)|pf q dxdv ≤ −p (1 + ψmM0 − Cδ)
∫
Td×Rd
|v − vc(t)|pf q dxdv
+ Cpq,δ
(
e−Cpt
)(∫
Td×Rd
f q0 dxdv
)
ed(q−1)(ψM+1)t.
We finally choose δ > 0 small enough so that 1 + ψm − Cδ > 0 and apply Gro¨nwall’s lemma to have(∫
Td×Rd
|v − vc(t)|pf q dxdv
)1/p
≤
(∫
Td×Rd
|v − vc(0)|pf q0 dxdv
)1/p
e−(1+ψmM0−Cδ)t
+ Cq,δe
−(C−d(q−1)(ψM+1)/p)t,
where Cq,δ > 0 is independent of p and t. This completes the proof. 
Remark 4.2. The decay estimate in Proposition 4.1 still holds even in the absence of velocity alignment force,
i.e., ψ ≡ 0.
As a consequence of Proposition 4.1, we can show that the support of f in velocity shrinks to a point
(M0vc(0)+ uc(0))/(1+M0) with an exponential rate of decay. This proves Theorem 1.2 (iii). Recall that Σv(t)
represents the v-projection of support of f .
Corollary 4.1. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system (1.1)-(1.2).
Let v∞ = (M0vc(0) + uc(0))/(1 +M0). Under the same assumptions as in Theorem 1.2, we have
sup
v∈Σv(t)
|v − v∞| ≤ Ce−Ct ∀ t ≥ 0,
where C > 0 is independent of t.
Proof. It follows from Remark 1.2 and Theorem 4.1 that
sup
p≥1
(∫
Td×Rd
|v − v∞|pf(x, v, t) dxdv
)1/p
≤ Ce−Ct.
Set
Sv(t) := sup
v∈Σv(t)
|v − v∞|.
We claim that
(4.12)
(∫
Td×Rd
|v − v∞|pf(x, v, t) dxdv
)1/p
→ Sv(t) as p→∞.
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It is clear that(∫
Td×Rd
|v − v∞|pf(x, v, t) dxdv
)1/p
≤ Sv(t)
(∫
Td×Rd
f(x, v, t) dxdv
)1/p
= Sv(t)M
1/p
0 ≤ Sv(t).
On the other hand, for a fixed ǫ > 0 and t > 0, if we let
Σǫv(t) := {v ∈ Σv(t) : |v − v∞| ≥ Sv(t)− ǫ}
for ǫ < Sv(t), then we find(∫
Td×Rd
|v − v∞|pf(x, v, t) dxdv
)1/p
≥
(∫
Td×Σǫv(t)
(Sv(t)− ǫ)p f(x, v, t) dxdv
)1/p
= (Sv(t)− ǫ)
(∫
Td×Σǫv(t)
f(x, v, t) dxdv
)1/p
.
This implies
lim inf
p→∞
(∫
Td×Rd
|v − v∞|pf(x, v, t) dxdv
)1/p
≥ Sv(t)− ǫ,
and we have (4.12). This completes the proof. 
4.2. Exponential decays of weighted W 2,q estimates. In this subsection, we estimate W 2,q norm of f . For
this, we need to control the propagation of support of f in velocity.
Next lemma shows that the support of f in velocity is uniformly bounded in time.
Lemma 4.5. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system (1.1)-(1.2). Under
the same assumptions as in Theorem 1.2, we have
Rv(t) := max
v∈Σv(t)
|v| ≤ C0
for some C0 > 0 which is independent of t.
Proof. Note that |v| ≤ |v − v∞|+ |v∞|, where v∞ = (M0vc(0) + uc(0))/(1 +M0). Taking the maximum of the
above inequality over Σv(t) and using Corollary 4.1 give
Rv(t) ≤ max
v∈Σv(t)
|v − v∞|+ |v∞| ≤ Ce−Ct + |v∞| ≤ C0
for some C0 > 0 which is independent of t. 
We next present an auxiliary lemma showing the exponential decay of Lp-norm of the drag force in the fluid
equation in (1.1).
Lemma 4.6. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system (1.1)-(1.2). Under
the same assumptions as in Theorem 1.2, we have∥∥∥∥
∫
Rd
f(u− v) dv
∥∥∥∥
Lp
≤ Ce−Ct
for 2 ≤ p ≤ ∞, where C > 0 is independent of t and p.
Proof. A straightforward computation gives∫
Rd
f(u− v) dv = ρf (u− uc) + ρf (uc − vc) +
∫
Rd
f(vc − v) dv,
and taking Lp-norm to the above yields∥∥∥∥
∫
Rd
f(u− v) dv
∥∥∥∥
Lp
≤ ‖ρf‖Lp(‖u− uc‖L∞ + |uc − vc|) +
∥∥∥∥
∫
Rd
f(vc − v) dv
∥∥∥∥
Lp
≤ Ce−Ct +
∥∥∥∥
∫
Rd
f(vc − v) dv
∥∥∥∥
Lp
.
On the other hand, we note that∫
Td
∣∣∣∣
∫
Rd
f(vc − v) dv
∣∣∣∣
p
dx ≤
∫
Td
ρp−1f
(∫
Rd
f |vc − v|p dv
)
dx ≤ ‖ρf‖p−1L∞
∫
Td×Rd
f |vc − v|p dxdv.
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Therefore, due to Theorem 4.1, we obtain∥∥∥∥
∫
Rd
f(u− v) dv
∥∥∥∥
Lp
≤ ‖ρf‖
p−1
p
L∞
(∫
Td×Rd
f |vc − v|p dxdv
) 1
p
≤ Ce−Ct,
where C > 0 is independent of t and p. This completes the proof. 
Next, we control derivatives of f with respect to phase variables in terms of spatial gradients of fluid velocity.
Lemma 4.7. Let T > 0 and suppose that (f, u) is the strong solution defined in Definition 1.1 to the system
(1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
‖f(·, ·, t)‖W 1,q ≤ ‖f0‖W 1,q exp
(
Ct+ C
∫ t
0
‖∇xu‖L∞ dτ
)
,
where C > 0 is independent of t.
Proof. (⋄ Estimate of ‖∇xf‖Lq): Taking ∂xj , j = 1, . . . , d to the kinetic equation in (1.1) gives
∂t∂xjf + v · ∇x∂xjf = −∇v ·
(
(∂xjF )f + F∂xjf
)
= −(∇v · ∂xjF )f − ∂xjF · ∇vf − (∇v · F )∂xjf − F · ∇v∂xjf.
Note that
∇v · F = −d(1 + ψ ⋆ ρf ), ∂xjF = ∂xjψ ⋆ (ρfuf )− v∂xjψ ⋆ ρf + ∂xju, ∂xj∇v · F = −d∂xjψ ⋆ ρf .
Then we get
d
dt
∫
Td×Rd
|∂xjf |q dxdv = q
∫
Td×Rd
|∂xjf |q−2∂xjf∂t∂xjf dxdv
= q
∫
Td×Rd
|∂xjf |q−2∂xjf
(−(∇v · ∂xjF )f − ∂xjF · ∇vf − (∇v · F )∂xjf − F · ∇v∂xjf) dxdv
=:
4∑
i=1
Ii.
We estimate Ii, i = 1, . . . , 4 separately.
I1 = qd
∫
Td×Rd
|∂xjf |q−2∂xjf(∂xjψ ⋆ ρf )f dxdv ≤ qd‖∂xjψ‖L∞‖∂xjf‖q−1Lq ‖f‖Lq ,
I2 = −q
∫
Td×Rd
|∂xjf |q−2∂xjf∂xjF · ∇vf dxdv ≤ qd‖∂xjF‖L∞‖∂xjf‖q−1Lq ‖∇vf‖Lq ,
I3 = qd
∫
Td×Rd
|∂xjf |q(1 + ψ ⋆ ρf ) dxdv,
I4 = −
∫
Td×Rd
F · ∇v|∂xjf |q dxdv = −d
∫
Td×Rd
|∂xjf |q(1 + ψ ⋆ ρf ) dxdv.
Adding up estimates, it follows for q ≥ 1 that
d
dt
‖∂xjf‖qLq ≤ qd‖∂xjψ‖L∞‖∂xjf‖q−1Lq ‖f‖Lq + qd‖∂xjF‖L∞‖∂xjf‖q−1Lq ‖∇vf‖Lq
+ d(q − 1)
∫
Td×Rd
|∂xjf |q(1 + ψ ⋆ ρf ) dxdv
≤ qd‖∂xjψ‖L∞‖∂xjf‖q−1Lq ‖f‖Lq + qd‖∂xjF‖L∞‖∂xjf‖q−1Lq ‖∇vf‖Lq
+ d(q − 1)(1 + ‖ψ‖L∞)‖∂xjf‖qLq ,
that is,
d
dt
‖∂xjf‖Lq ≤ d‖∂xjψ‖L∞‖f‖Lq + d‖∂xjF‖L∞‖∇vf‖Lq + d
(
1− 1
q
)
(1 + ‖ψ‖L∞)‖∂xjf‖Lq .(4.13)
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On the other hand, it follows from Lemma (4.5) that
‖∂xjF‖L∞ ≤ ‖∂xjψ ⋆ (ρfuf )‖L∞ + ‖v∂xjψ ⋆ ρf‖L∞ + ‖∂xju‖L∞
≤ ‖∂xjψ‖L∞‖ρfuf‖L1 +Rv(t)‖∂xjψ‖L∞‖ρf‖L1 + C‖∇xu‖L∞
≤ C(1 + ‖∇xu‖L∞),
(4.14)
where C > 0 depends on uc(0), vc(0), E0, and ψ, but independent of t and q. Here we also used
‖ρfuf‖L1 ≤
∫
Td×Rd
|v|f dxdv ≤ ‖ρf‖1/2L1
(∫
Td×Rd
|v|2f dxdv
)1/2
≤ E1/20 ,
where
E0 :=
∫
Td×Rd
|v|2f0 dxdv +
∫
Td
|u0|2 dx.
The estimate (4.14) together with (4.13) asserts that
d
dt
‖∇xf‖Lq ≤ Cd‖f‖Lq + Cd(1 + ‖∇xu‖L∞)‖∇vf‖Lq + Cd
(
1− 1
q
)
‖∇xf‖Lq ,(4.15)
where C > 0 depends on E0, and ψ, but independent of t and q.
(⋄ Estimate of ‖∇vf‖Lq): Differentiate the kinetic equation in (1.1) with respect to vj , we obtain
∂t∂vjf + v · ∇x∂vjf = −∂xjf −∇v · F∂vjf − ∂vjF · ∇vf − F · ∇v∂vjf,
where we used ∂vj∇v · F = 0. Then we estimate
d
dt
∫
Td×Rd
|∂vjf |q dxdv = q
∫
Td×Rd
|∂vjf |q−2∂vjf∂t∂vjf dxdv
= q
∫
Td×Rd
|∂vjf |q−2∂vjf
(−∂xjf −∇v · F∂vjf − ∂vjF · ∇vf − F · ∇v∂vjf) dxdv
= −q
∫
Td×Rd
|∂vjf |q−2∂vjf∂xjf dxdv + qd
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vjf |q dxdv
+ q
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vjf |q dxdv − d
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vjf |q dxdv
≤ q
∫
Td×Rd
|∂vjf |q−1|∂xjf | dxdv + (q(1 + d)− d)
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vjf |q dxdv.
Here we used
∂vjF · ∇vf = −(1 + ψ ⋆ ρf )∂vjf.
Thus for q ≥ d/(2(1 + d)) we find
d
dt
‖∂vjf‖qLq ≤ q‖∂vjf‖q−1Lq ‖∂xjf‖Lq + (q(1 + d)− d)(1 + ‖ψ‖L∞)‖∂vjf‖qLq
and, this subsequently implies
d
dt
‖∂vjf‖Lq ≤ ‖∂xjf‖Lq +
(
(1 + d)− d
q
)
(1 + ‖ψ‖L∞)‖∂vjf‖Lq .
Hence we have
(4.16)
d
dt
‖∇vf‖Lq ≤ ‖∇xf‖Lq + C
(
(1 + d)− d
q
)
‖∇vf‖Lq ,
where C > 0 depends on ψ, but independent of t and q. We now combine (4.15) and (4.16) to have
d
dt
(‖∇xf‖Lq + ‖∇vf‖Lq)
≤ C
(
1 + d
(
1− 1
q
))
‖∇xf‖Lq + C
(
1 + d+ d‖∇xu‖L∞ − d
q
)
‖∇vf‖Lq + Cd‖f‖Lq ,
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where C > 0 depends on E0, and ψ, but independent of t, d, and q. We then combine this with (4.3) to obtain
d
dt
(‖f‖Lq + ‖∇xf‖Lq + ‖∇vf‖Lq)
≤ C
(
1 + d
(
1− 1
q
))
‖∇xf‖Lq + C
(
1 + d+ d‖∇xu‖L∞ − d
q
)
‖∇vf‖Lq + Cd
(
1− 1
q
)
‖f‖Lq
≤ Cd(1 + ‖∇xu‖L∞) (‖f‖Lq + ‖∇xf‖Lq + ‖∇vf‖Lq) ,
where C > 0 depends on uc(0), vc(0), E0, and ψ, but independent of t, d, and q. This further yields
‖f(·, ·, t)‖W 1,q ≤ ‖f0‖W 1,q exp
(
Cdt+ Cd
∫ t
0
‖∇xu‖L∞ dτ
)
.
This completes the proof. 
We also provide the growth estimate of ‖f(·, ·, t)‖W 2,q in the lemma below. Since its proof is quite lengthy
and technical, we postpone it in Appendix B.
Lemma 4.8. Let T > 0 and suppose that (f, u) is the strong solution defined in Definition 1.1 to the system
(1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
‖f(·, ·, t)‖W 2,q ≤ ‖f0‖W 2,q exp
(
Ct+
∫ t
0
‖∇xu(·, τ)‖2L∞ + ‖∇2xu(·, τ)‖Lq dτ
)
for q > d, where C > 0 is independent of t.
4.2.1. Two dimensional case. In this part, we consider the two dimensional case to obtain upper bounds of
growth rates for derivatives of f . For convenience, we denote the vorticity field by ω = ∇x×u = ∂x1u2− ∂x2u1.
We start by providing some upper bound estimates for u and a decay estimate of ω in the lemma below.
Lemma 4.9. Let d = 2. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system
(1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
‖u‖L2(0,T ;H2) ≤ C
(
1 +
√
T
)
, ‖ω(·, t)‖L2 ≤ Ce−Ct,
and
sup
t≥0
‖∇xu(·, t)‖L2 + ‖∂tu‖L2(0,T ;L2) ≤ C,
where C > 0 is independent of t.
Proof. Let us reformulate the fluid equation in (1.1) as the equation for vorticity ω:
∂tω + (u · ∇x)ω −∆xω = −∇x ×
∫
R2
(u − v)f dv = −∇x × (ρf (u− uf )).
Multiplying the above equation by ω and integrating the resulting equation over T2 gives
1
2
d
dt
‖ω‖2L2 + ‖∇xω‖2L2 ≤
∫
T3
|∇xω||ρf (u− uf )| dx ≤ 1
2
‖∇xω‖2L2 +
1
2
‖ρf (u− uf )‖2L2,
i.e.,
(4.17)
d
dt
‖ω‖2L2 + ‖∇xω‖2L2 ≤ ‖ρf(u − uf)‖2L2 .
This together with Lemma 4.6 asserts
sup
t≥0
‖ω(·, t)‖2L2 +
∫ ∞
0
‖∇xω(·, τ)‖2L2 dτ ≤ C,
where C > 0 is independent of t. On the other hand, the following inequality holds
‖u‖2L2(0,t;H2) ≤ C‖ω‖2L2(0,t;H1) + ‖u‖2L2(0,t;L2) ≤ C(1 + t).
We further estimate, due to Lemma 4.6,∫
T2
|∂tu|2 dx+ d
dt
∫
T2
|∇xu|2 dx
≤
∫
T2
|u|2|∇xu|2 dx+
∫
T2
|ρf (u − uf)|2 dx ≤ ‖u‖2L∞‖∇xu‖2L2 + Ce−Ct ≤ C‖∇xu‖2L2 + Ce−Ct.
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Integrating the above inequality with respect to time, we get
sup
t≥0
‖∇xu(·, t)‖2L2 +
∫ ∞
0
‖∂tu(·, τ)‖2L2 dτ ≤ C,
where C > 0 is independent of t. If we apply the Poincare´ inequality to (4.17) and use Lemma 4.6, then we
have
d
dt
‖ω(·, t)‖2L2 + C‖ω(·, t)‖2L2 ≤ Ce−Ct,
which implies that
‖ω(·, t)‖L2 ≤ Ce−Ct,
where C > 0 is independent of t. This completes the proof. 
Next, we present upper bounds of estimates of f in Sobolev spaces.
Proposition 4.2. Let d = 2. Suppose tha (f, u) is the strong solution defined in Definition 1.1 to the system
(1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
‖f(·, ·, t)‖W 1,q ≤ ‖f0‖W 1,qeC(1+t)
and
‖f(·, ·, t)‖W 2,q ≤ ‖f0‖W 2,qeC(1+t)
for q > d, where C > 0 is independent of t.
Proof. We recall from Lemma 4.7 that
‖f(·, ·, t)‖W 1,q ≤ ‖f0‖W 1,q exp
(
Ct+ C
∫ t
0
‖∇xu(·, τ)‖L∞ dτ
)
.
In the rest of the proof, we will show that
(4.18)
∫ t
0
‖∇xu(·, τ)‖2L∞ dτ ≤ C(1 + t
1
3 ) ≤ C(1 + t),
which leads to
(4.19)
∫ t
0
‖∇xu(·, τ)‖L∞ dτ ≤
√
t ‖u‖L2(0,t;L∞) ≤ C(1 + t).
For this, we use the Stokes estimate of Giga-Sohr [26] to get
(4.20) ‖∂tu‖L2(0,t;L3) + ‖∆xu‖L2(0,t;L3) ≤ ‖u0‖D1/2,23 + C‖(u · ∇x)u‖L2(0,t;L3) + C‖ρf (u− uf )‖L2(0,t;L3),
where we can estimate
‖u0‖D1/2,23 ≤ C‖u0‖V∩H4/3 .
Here D
1/2,2
3 denotes the Besov-type space given by D
1/2,2
3 = B
1
3,2(T
2) ∩ L3σ(T2) and we used the standard
embedding theorem, V ∩H4/3 ⊂ D1/2,23 . For the estimate of the second term on the right hand side of (4.20),
we use the Gagliardo-Nirenberg-Sobolev interpolation inequality to find
‖(u · ∇x)u‖L3 ≤ ‖u‖L∞‖∇xu‖L3 ≤ C‖∇xu‖2/3L2 ‖∆xu‖
1/3
L2 + C‖∇xu‖L2.
This with Lemma 4.9 and total energy estimate in Lemma 2.1 gives
‖(u · ∇x)u‖2L2(0,t;L3) ≤ C
∫ t
0
‖∇xu‖4/3L2 ‖∆xu‖
2/3
L2 dτ + C
∫ t
0
‖∇xu‖2L2 dτ
≤ C
(∫ t
0
‖∇xu‖2L2 dτ
)2/3(∫ t
0
‖∆xu‖2L2 dτ
)1/3
+ C
∫ t
0
‖∇xu‖2L2 dτ
≤ C (1 + t) .
Moreover, we find from Lemma 4.6 that
‖ρf(u − uf)‖L2(0,t;L3) ≤ C,
where C > 0 is independent of t. This asserts
‖∆xu‖2L2(0,t;L3) ≤ C (1 + t) .
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We then use the following Sobolev interpolation inequality
‖∇xu‖2L∞ ≤ C‖∆xu‖3/2L3 ‖∇xu‖
1/2
L2 + C‖∇xu‖2L2 ≤ C‖∆xu‖2L3 + C‖∇xu‖2L2
to have ∫ t
0
‖∇xu‖2L∞ dτ ≤ C
∫ t
0
‖∆xu‖2L3 dτ + C
∫ t
0
‖∇xu‖2L2 dτ ≤ C (1 + t) .
On the other hand, it follows from Lemma 4.8 that
‖f(·, ·, t)‖W 2,q ≤ ‖f0‖W 2,q exp
(
Ct+
∫ t
0
‖∇2xu(·, τ)‖Lq dτ
)
for q > d, where C > 0 is independent of t. Thus it suffices to show that∫ t
0
‖∇2xu(·, τ)‖2Lq dτ ≤ C(1 + t)
for some C > 0 which is independent of t. Similarly as before, we estimate
‖∇2xu‖L2(0,t;Lq) ≤ ‖u0‖D1/2,2q + C‖(u · ∇x)u‖L2(0,t;Lq) + C‖ρf (u− uf )‖L2(0,t;Lq),
where D
1/2,2
q = B1q,2(T
2) ∩ Lqσ(T2). Since ‖ρf(u − uf)‖L2(0,t;Lq) ≤ C, we show, due to Lemma 4.6, that
‖(u · ∇x)u‖L2(0,t;Lq) ≤ C(1 + t).
We use the Gagliardo-Nirenberg-Sobolev interpolation inequality to find
‖(u · ∇x)u‖Lq ≤ ‖u‖L∞‖∇xu‖Lq ≤ C
(‖∇xu‖1−αL2 ‖∇2xu‖αL2 + C‖∇xu‖L2) ,
where α = (1/2)(1− 1/q). Thus we have
‖(u · ∇x)u‖2L2(0,t;Lq) ≤ C
∫ t
0
(
‖∇xu‖2(1−α)L2 ‖∇2xu‖2αL2 + C‖∇xu‖2L2
)
dτ
≤ C
∫ t
0
(‖∇xu‖2L2 + ‖∇2xu‖2L2) dτ
≤ C(1 + t).
This completes the proof. 
4.2.2. Three dimensional case. In this part, we consider the three dimensional case, and in this case, the fluid
system in (1.1) becomes the Stokes system.
Proposition 4.3. Let d = 3. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system
(1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
‖f(·, ·, t)‖W 1,q ≤ ‖f0‖W 1,q eC(1+t)
and
‖f(·, ·, t)‖W 2,q ≤ ‖f0‖W 2,q eC(1+t)
for q > 3, where C > 0 is independent of t.
Proof. Similarly as in the previous subsection, we consider the vorticity equation:
∂tω −∆xω = −∇x × (ρf (u− uf )).
Then by the standard maximal regularity estimate for the heat equation, we have
‖∇xω‖L2(0,t;L4) ≤ C‖∇xω0‖L4 + C‖ρf (u− uf)‖L2(0,t;L4),
where C > 0 is independent of t. Moreover, by Lemma 4.6, we obtain
‖∇xω‖L2(0,t;L4) ≤ C‖∇xω0‖L4 + C,
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where C > 0 is independent of t. Then this together with Gagliardo-Nirenberg-Sobolev interpolation inequality
and the Calderon-Zygmund type inequality [34, p. 408] implies∫ t
0
‖∇xu‖2L∞ dτ ≤ C
∫ t
0
‖∇2xu‖8/5L4 ‖u‖
2/5
L∞ dτ + C
∫ t
0
‖u‖2L2 dτ
≤ C
∫ t
0
‖∇2xu‖2L4 dτ + Ct
≤ C
∫ t
0
‖∇xω‖2L4 dτ + Ct
≤ Ct,(4.21)
where C > 0 is independent of t. On the other hand, using Lemma 4.8 and (4.21), we have
‖f(·, ·, t)‖W 2,q ≤ ‖f0‖W 2,q exp
(
Ct+
∫ t
0
‖∇2xu(·, τ)‖Lq dτ
)
for q > d, where C > 0 is independent of t. Thus it suffices to show that∫ t
0
‖∇2xu(·, τ)‖Lq dτ ≤ C(1 + t),
for some C > 0 which is independent of t. Similarly as before, we estimate∫ t
0
‖∇2xu(·, τ)‖Lq dτ ≤ C
∫ t
0
‖∇xω(·, τ)‖Lq + ‖∇xu(·, τ)‖Lq dτ
≤ C‖ω0‖Lq t+ C‖ρf (u− uf )‖L1(0,t;Lq)
≤ C(1 + t),
(4.22)
due to Lemma 4.6, where C > 0 is independent of t. This completes the proof. 
Remark 4.3. Recalling (4.19) and (4.22) for q > 3, it is worth noting that ∇xu ∈ L1loc(R+;L∞(Td)), d = 2, 3
and, furthermore,
(4.23)
∫ t
0
‖∇xu(·, τ)‖L∞(Td) dτ ≤ C(1 + t), d = 2, 3.
4.2.3. Growth estimates of ∇xω and ∇2xu.
Lemma 4.10. Let d = 2, 3. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the system
(1.1)-(1.2). Under the same assumptions as in Theorem 1.2, we have
‖∇xω(·, t)‖L∞ + ‖∇2xu(·, t)‖Lp ≤ CeC(1+t)
for p <∞, where C > 0 is independent of t.
Proof. Using the heat kernel, we represent ω as
ω = Γ ⋆ ω0 − (1− δd,3)
∫ t
0
∫
Td
Γ(x− y, t− s) ((u · ∇xω)(y, s)) dyds
−
∫ t
0
∫
Td
Γ(x − y, t− s)∇x × (ρf(y, s)(u − uf)(y, s)) dyds.
The derivative estimate of ω becomes
‖∇xω(·, t)‖L∞
≤ ‖Γ ⋆∇xω0‖L∞
+
∥∥∥∥
∫ t
0
∫
Td
∇xΓ(x− y, t− s) ((1− δd,3)(u · ∇xω)(y, s) +∇x × (ρf (y, s)(u− uf )(y, s))) dyds
∥∥∥∥
L∞
≤ ‖∇xω0‖L∞ + C
∫ t
0
(t− s)− d4q− 12 ((1− δd,3)‖(u · ∇xω)(·, s)‖Lq + ‖∇x × (ρf (u− uf )(·, s)) ‖Lq ) ds.
We note that there exists C > 0, which is independent of t, such that
‖(u · ∇xω)‖Lq ≤ ‖u‖L∞‖∇xω‖Lq ≤ C‖∇xω‖Lq
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and
‖∇x × (ρf (u− uf ))‖Lq ≤ C‖u∇xρf‖Lq + C‖ρfω‖Lq + C‖∇x(ρfuf )‖Lq
≤ C‖u‖L∞‖∇xρf‖Lq + C‖ρf‖L∞‖ω‖Lq + C‖∇x(ρfuf )‖Lq
≤ C‖∇xf‖Lq + C‖ω‖Lq ,
(4.24)
where we used the support estimate of f in velocity. Therefore,
‖∇xω(·, t)‖L∞ ≤ ‖∇xω0‖L∞
+ C
∫ t
0
(t− s)− d4q− 12 ((1− δd,3)‖∇xω(·, s)‖Lq + C‖∇xf(·, s)‖Lq + C‖ω(·, s)‖Lq) ds.
Since q > d, we note that 1− 1q
(
d
2 + 1
)
> 0. We recall from Propositions 4.2 and 4.3 that
‖∇xf‖Lq(0,t;Lq) ≤ CeCt.
Next, we estimate ∇kxω for k = 0, 1
d
dt
‖∇kxω‖qLq = q
∫
Td
|∇kxω|q−2∇kxω∂t∇kxω dx
≤ Cq(1− δd,3)‖∇xu‖L∞‖∇kxω‖qLq − q(q − 1)
∫
Td
|∇kxω|q−2|∇k+1x ω|2 dx
+ q(q − 1)
∫
Td
|∇kxω|q−2|∇k+1x ω||∇x × (ρf (u− uf ))| dx,
where the last term on the right hand side of the above inequality can be bounded by
q(q − 1)
(∫
Td
|∇kxω|q dx
) q−2
2q
(∫
Td
|∇kxω|q−2|∇k+1x ω|2 dx
) 1
2
(∫
Td
|∇x × (ρf (u− uf ))|q dx
) 1
q
≤ q(q − 1)
∫
Td
|∇kxω|q−2|∇k+1x ω|2 dx + q(q − 1)‖∇kxω‖q−2Lq ‖∇x × (ρf (u− uf ))‖2Lq
≤ q(q − 1)
∫
Td
|∇kxω|q−2|∇k+1x ω|2 dx + Cq‖∇kxω‖qLq + Cq‖∇xf‖qLq + C‖ω‖qLq ,
due to (4.24). Thus we obtain
d
dt
‖ω‖qW 1,q ≤ C ((1− δd,3)‖∇xu‖L∞ + 1) ‖ω‖qW 1,q + C‖∇xf‖qLq .
Since ∫ t
0
‖∇xu‖L∞ dτ ≤ C(1 + t),
we use Gro¨nwall’s lemma to have
‖ω(·, t)‖qW 1,q ≤ ‖ω0‖qW 1,qeC(1+t) + CeC(1+t)
∫ t
0
‖∇xf(·, τ)‖qLq dτ ≤ CeC(1+t),
where C > 0 is independent of t. This yields
‖∇xω(·, t)‖L∞ ≤ CeC(1+t).
It is also immediate due to Korn’s inequality that
‖∇2xu(·, t)‖Lp ≤ CeC(1+t)
for any 1 ≤ p <∞. This completes the proof. 
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4.2.4. Exponential decay estimates. In the subsection, we prove exponential decay of generalized moments for
derivatives of f up to second order.
First, we show that the first order derivatives of f with power-law type of moments is of an exponential decay
in time, which is a part of Theorem 1.2 for the case that k = 1.
Proposition 4.4. Let d = 2 or 3. Suppose that (f, u) is the strong solution defined in Definition 1.1 to the
system (1.1)-(1.2). Under the same assumptions as in Theorem 1.2, there exists p = p(q, d, ψ, f0, u0) > 2 large
enough such that ∫
Td×Rd
|v − vc(t)|p (|(∇xf)(x, v, t)|q + |(∇vf)(x, v, t)|q) dxdv ≤ Ce−Ct,
where C > 0 is independent of p and t.
Proof. Straightforward computations give
1
q
d
dt
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv
= −p
q
∫
Td×Rd
|v − vc|p−2(v − vc) · v′c|∂vjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂vjf |q−2∂vjf∂t∂vjf dxdv =: J1 + J2.
First we estimate J1 as
J1 ≤ p
q
∫
Td×Rd
|v − vc|p−1|v′c||∂vjf |q dxdv
≤ p
4q
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂vjf |q dxdv.
On the other hand, we split J2 into two terms, i.e.
J2 = −
∫
Td×Rd
|v − vc|p|∂vjf |q−2∂vjf
(
∂xjf +∇v ·
(
(∂vjF )f + F∂vjf
))
dxdv =: J12 + J
2
2 .
Here we estimate J12 as
J12 ≤
∫
Td×Rd
|v − vc|p|∂vjf |q−1|∂xjf | dxdv
≤ q − 1
q
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv +
1
q
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv.
For J22 , we use ∇v · ∂vjF = 0 to get
J22 = −
∫
Td×Rd
|v − vc|p|∂vjf |q−2∂vjf
(
(∂vjF ) · ∇vf + (∇v · F )∂vjf + F · ∇v∂vjf
)
dxdv
= (d+ 1)
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂vjf |q dxdv −
∫
Td×Rd
|v − vc|p|∂vjf |q−2∂vjf(F · ∇v∂vjf) dxdv.
On the other hand, we use the integration by parts to estimate the second term on the right hand side of the
above equality as
− 1
q
∫
Td×Rd
|v − vc|pF · ∇v|∂vjf |q dxdv
=
1
q
∫
Td×Rd
(
p|v − vc|p−2(v − vc) · F + |v − vc|p∇v · F
) |∂vjf |q dxdv
≤ −pψmM0
q
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂vjf |q dxdv
− p(1− Cδ)
q
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv + Cp,q‖u− uc‖pL∞
∫
Td×Rd
|∂vjf |q dxdv
− d
q
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂vjf |q dxdv,
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where we also used some estimates in the proof of Proposition 4.1 and δ > 0 will be determined later. Summing
up above estimates, we obtain
J2 ≤
(
d+ 1− d
q
− pψmM0
q
− p(1− Cδ)
q
)∫
Td×Rd
|v − vc(t)|p|∂vjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂vjf |q dxdv,
and as a result, we have
d
dt
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv
≤ (q(d+ 1) + q − 1− d− p(1 + ψmM0 − Cδ))
∫
Td×Rd
|v − vc|p|∂vjf |q dxdv
+ Cp,qe
−Cpt
∫
Td×Rd
|∂vjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv.
In order to control the last term on the right hand side of the above inequality, we estimate
1
q
d
dt
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv
= −p
q
∫
Td×Rd
|v − vc|p−2(v − vc) · v′c|∂xjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂xjf |q−2∂xjf∂t∂xjf dxdv
=: K1 +K2.
Then similarly as before, we get
K1 ≤ p
4q
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂xjf |q dxdv.
The second term K2 is rewritten as
K2 = −
∫
Td×Rd
|v − vc|p|∂xjf |q−2∂xjf
(∇v · ((∂xjF )f + F∂xjf)) dxdv =: K12 +K22 ,
where K12 can be estimated as
K12 = −
∫
Td×Rd
|v − vc|p|∂xjf |q−2∂xjf
(
(∇v · ∂xjF )f + (∂xjF ) · ∇vf
)
dxdv
≤ d‖∂xjψ‖L∞
∫
Td×Rd
|v − vc|p|∂xjf |q−1f dxdv
+ C(1 + ‖∂xju‖L∞)
∫
Td×Rd
|v − vc|p|∂xjf |q−1|∇vf | dxdv
≤ d‖∂xjψ‖L∞
(
q − 1
q
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv +
1
q
∫
Td×Rd
|v − vc|pf q dxdv
)
+ C(1 + ‖∂xju‖L∞)
(
q − 1
q
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv +
1
q
∫
Td×Rd
|v − vc|p|∇vf |q dxdv
)
.
We estimate K22 as follows:
K22 = −
∫
Td×Rd
|v − vc|p|∂xjf |q−2∂xjf
(
(∇v · F )∂xjf + F · ∇v∂xjf
)
dxdv
= d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂xjf |q dxdv
+
1
q
∫
Td×Rd
(
p|v − vc|p−2(v − vc) · F + |v − vc|p∇v · F
) |∂xjf |q dxdv
=
p
q
∫
Td×Rd
|v − vc|p−2(v − vc) · F |∂xjf |q dxdv + d
(
1− 1
q
)∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂xjf |q dxdv
≤ −
(
pψmM0
q
+
p(1− Cδ)
q
)∫
Td×Rd
|v − vc|p|∂xjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂xjf |q dxdv
+ d
(
1− 1
q
)
(1 + ψM )
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv.
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Combining all of the above observations yields
d
dt
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv
≤ (Cq − Cp)
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂xjf |q dxdv + Cp,qe−Cpt
+ C‖∂xju‖2L∞
(∫
Td×Rd
|v − vc|p|∂xjf |q dxdv +
∫
Td×Rd
|v − vc|p|∇vf |q dxdv
)
,
where C > 0 is independent of both p and t and δ > 0 is chosen small enough so that 1 + ψm − Cδ > 0. Thus
we have
d
dt
∫
Td×Rd
|v − vc|p (|∇xf |q + |∇vf |q) dxdv
≤ −C0p
∫
Td×Rd
|v − vc|p (|∇xf |q + |∇vf |q) dxdv + Cp,qe−Cpt
+ Cp,qe
−Cpt
∫
Td×Rd
(|∇xf |q + |∇vf |q) dxdv + ‖∇xu‖2L∞
∫
Td×Rd
|v − vc|p (|∇xf |q + |∇vf |q) dxdv.
We then use Proposition 4.2 to estimate
Cp,qe
−Cpt
∫
Td×Rd
(|∇xf |q + |∇vf |q) dxdv ≤ Cp,qe−CpteC(1+t) ≤ Cp,qe−C1pt
for p > 0 large enough. For convenience, we set
F(t) :=
(∫
Td×Rd
|v − vc|p (|∇xf |q + |∇vf |q) dxdv
)
exp
(
−
∫ t
0
‖∇xu‖2L∞ dτ
)
,
then F satisfies
d
dt
F ≤ Cp,qe−C1pt exp
(
−
∫ t
0
‖∇xu‖2L∞ dτ
)
− C0pF .
Applying the Gro¨nwall’s lemma, we get
F(t) ≤ F0e−C0pt + Cp,qe−C0pt
∫ t
0
e(C0−C1)ps exp
(
−
∫ s
0
‖∇xu‖2L∞ dτ
)
ds,
and this together with (4.18) asserts∫
Td×Rd
|v − vc|p (|∇xf |q + |∇vf |q) dxdv
≤
(∫
Td×Rd
|v − vc|p (|∇xf0|q + |∇vf0|q) dxdv
)
exp
(∫ t
0
‖∇xu‖2L∞ dτ
)
e−C0pt
+ Cp,qe
−C0pt
∫ t
0
e(C0−C1)ps exp
(∫ t
s
‖∇xu‖2L∞ dτ
)
ds
≤
(∫
Td×Rd
|v − vc|p (|∇xf0|q + |∇vf0|q) dxdv
)
e−(C0p−C)t + Cp,qe−(C0p−C)t
∫ t
0
e(C0−C1)ps ds
≤
(∫
Td×Rd
|v − vc|p (|∇xf0|q + |∇vf0|q) dxdv
)
e−(C0p−C)t + C
(
e−(C0p−C)t + e−(C1p−C)t
)
,
where the constants C0, C1, and C are positive and independent of t. This completes the proof. 
Now, we are ready to present the proof of Theorem 1.2.
Proof of Theorem 1.2. Due to results of Proposition 4.1 and Propsotion 4.4, it suffices to show that there
exists p = p(q, d, ψ, f0, u0) > 2 large enough such that∫
Td×Rd
|v − vc(t)|p
(|(∇2xf)(x, v, t)|q + |(∇x∇vf)(x, v, t)|q + |(∇2vf)(x, v, t)|q) dxdv ≤ Ce−Ct,
where C > 0 is independent of p and t.
Since the proof is rather lengthy, we divide it into four steps:
TEMPORAL DECAYS AND ASYMPTOTIC BEHAVIORS FOR A KINETIC-FLUID SYSTEM 27
• In Step A, we estimate the generalized p-th moments of the second order derivative of f in spatial
variable and derive
d
dt
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv
≤ (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p
(|∇2xf |q + |∇v∇xf |q) dxdv
+ C
∫
Td×Rd
|v − vc|p (|f |q + |∇xf |q) dxdv
+ C
(
1 +
∥∥∇2xu∥∥ q2dL∞(0,t;Lq)
)∫
Td×Rd
|v − vc|p|∇vf |q dxdv + Ce−Cpt
∫
Td×Rd
|∇2xf |q dxdv
− pψmM0
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv − p
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv
− d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∇2xf |q dxdv.
• In Step B, we estimate the mixed derivatives and derive
d
dt
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv
≤ (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv +
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv
+ C
∫
Td×Rd
|v − vc|p|∇vf |q dxdv + (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv
− pψmM0
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∇x∇vf |q dxdv
− p
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv − d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∇x∇vf |q dxdv.
• In Step C, we estimate the generalized p-th moments of the second order derivative of f in velocity
variable and derive
d
dt
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv
≤ C
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv +
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv
− pψmM0
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∇2vf |q dxdv
− p
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv − d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∇2vf |q dxdv.
• In Step D, we combine all of the estimates in the previous steps together with the lower order estimates
to conclude our desired result.
Step A.- For i, j = 1, . . . , d, we first estimate
1
q
d
dt
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv = −
p
q
∫
Td×Rd
|v − vc|p−2(v − vc) · v′c|∂xi∂xjf |q dxdv
+
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−2∂xi∂xjf ∂t∂xi∂xjf dxdv
=: I1 + I2,
where I1 can be easily estimated as
I1 ≤ p
4q
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + Ce−Cpt
∫
Td×Rd
|∂xi∂xjf |q dxdv.
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For the estimate of I2, we find
I2 = −
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · ∂xi∂xjF )f + ∂xi∂xjF · ∇vf
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · ∂xjF )∂xif + ∂xjF · ∇v∂xif
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · ∂xiF )∂xjf + ∂xiF · ∇v∂xjf
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · F )∂xi∂xjf − F · ∇v∂xi∂xjf
)
dxdv
=:
8∑
i=1
Ii2.
We first estimate I22 as
I22 ≤ C
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∇vf | dxdv +
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∂xi∂xju||∇vf | dxdv
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∇vf |q dxdv
+
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∂xi∂xju||∇vf | dxdv.
The last term in the above inequality can be estimated as follows:
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∂xi∂xju||∇vf | dxdv
=
∫
Rd
|v − vc|p
∫
Td
|∂xi∂xjf |q−1|∂xi∂xju||∇vf | dxdv
≤
∫
Rd
|v − vc|p
∥∥∇2xf∥∥q−1Lqx ∥∥∇2xu∥∥Lq ‖∇vf‖L∞x dv
≤
∥∥∇2xu∥∥LqxL∞t
∫
Rd
|v − vc|p
∥∥∇2xf∥∥q−1Lqx ‖∇vf‖1− dqLqx ‖∇x∇vf‖ dqLqx dv
≤
∥∥∇2xu∥∥LqxL∞t
∫
Rd
|v − vc|p(
(q−1)+1− d
q
+ d
q
q )
∥∥∇2xf∥∥q−1Lqx ‖∇vf‖1− dqLqx ‖∇x∇vf‖ dqLqx dv
≤
∥∥∇2xu∥∥LqxL∞t
(∫
Rd
|v − vc|p
∥∥∇2xf∥∥qLqx dv
) q−1
q
(∫
Rd
|v − vc|p ‖∇vf‖qLqx dv
) q−d
q2
×
(∫
Rd
|v − vc|p ‖∇x∇vf‖qLqx dv
) d
q2
=
∥∥∇2xu∥∥LqxL∞t
(∫
Td×Rd
|v − vc|p
∣∣∇2xf ∣∣q dxdv
) q−1
q
(∫
Td×Rd
|v − vc|p |∇vf |q dxdv
) q−d
q2
×
(∫
Td×Rd
|v − vc|p |∇x∇vf |q dxdv
) d
q2
≤ C
∫
Td×Rd
|v − vc|p
∣∣∇2xf ∣∣q dxdv + C
∫
Td×Rd
|v − vc|p |∇x∇vf |q dxdv
+ C
∥∥∇2xu∥∥ q2dL∞(0,t;Lq)
∫
Td×Rd
|v − vc|p |∇vf |q dxdv.
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Next, we then estimate other terms Ii2, 1 ≤ i ≤ 8 and i 6= 2, separately.
I12 ≤ d‖∇2xψ‖L∞
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|f | dxdv
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + C
∫
Td×Rd
|v − vc|p|f |q dxdv,
I32 ≤ d‖∂xjψ‖L∞
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∂xif | dxdv
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∂xif |q dxdv,
I42 ≤ (‖∂xju‖L∞ + C)
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∇v∂xif | dxdv
≤ (‖∂xju‖L∞ + C)
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + (‖∂xju‖L∞ + C)
∫
Td×Rd
|v − vc|p|∇v∂xif |q dxdv,
I52 ≤ d‖∂xiψ‖L∞
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∂xjf | dxdv
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∂xjf |q dxdv,
I62 ≤ (‖∂xiu‖L∞ + C)
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q−1|∇v∂xjf | dxdv
≤ (‖∂xiu‖L∞ + C)
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + (‖∂xiu‖L∞ + C)
∫
Td×Rd
|v − vc|p|∇v∂xjf |q dxdv,
I72 ≤ d(1 + ‖ψ‖L∞)
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv,
I82 = −
1
q
∫
Td×Rd
|v − vc|pF · ∇v|∂xi∂xjf |q dxdv =
1
q
∫
Td×Rd
∇v · (|v − vc|pF )|∂xi∂xjf |q dxdv
≤ −pψmM0
q
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂xi∂xjf |q dxdv
− p(1− Cδ)
q
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv + Cp,q‖u− uc‖pL∞
∫
Td×Rd
|∂xi∂xjf |q dxdv
− d
q
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂xi∂xjf |q dxdv.
This yields
d
dt
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv
≤ (C + ‖∂xju‖L∞)
∫
Td×Rd
|v − vc|p
(|∂xi∂xjf |q + |∇v∂xif |q + |∇v∂xjf |q) dxdv
+ C
∫
Td×Rd
|v − vc|p
(|f |q + |∂xif |q + |∂xjf |q) dxdv
+ C
(
1 +
∥∥∇2xu∥∥ q2dL∞(0,t;Lq)
)∫
Td×Rd
|v − vc|p|∇vf |q dxdv + Ce−Cpt
∫
Td×Rd
|∂xi∂xjf |q dxdv
− pψmM0
∫
Td×Rd
|v − vc(t)|p|∂xi∂xjf |q dxdv − p
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv
− d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂xi∂xjf |q dxdv,
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and this subsequently implies
d
dt
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv
≤ (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p
(|∇2xf |q + |∇v∇xf |q) dxdv + C
∫
Td×Rd
|v − vc|p (|f |q + |∇xf |q) dxdv
+ C
(
1 +
∥∥∇2xu∥∥ q2dL∞(0,t;Lq)
)∫
Td×Rd
|v − vc|p|∇vf |q dxdv + Ce−Cpt
∫
Td×Rd
|∇2xf |q dxdv
− pψmM0
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv − p
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv
− d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∇2xf |q dxdv,
where C > 0 is independent of t.
Step B.- We next estimate
1
q
d
dt
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv = −
p
q
∫
Td×Rd
|v − vc|p−2(v − vc) · v′c|∂xi∂vjf |q dxdv
+
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−2∂xi∂vjf ∂t∂xi∂vjf dxdv =: J1 + J2,
where J1 can be easily estimated as
J1 ≤ p
4q
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv + Ce−Cpt
∫
Td×Rd
|∂xi∂vjf |q dxdv.
For the estimate of J2, we find
J2 = −
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−2∂xi∂vjf
(
∂xi∂xjf + (∂xi∇v · F )∂vjf
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−2∂xi∂vjf
(
(∇v · F )∂xi∂vjf + ∂xi∂vjF · ∇vf
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−2∂xi∂vjf
(
∂vjF · ∇v∂xif + ∂xiF · ∇v∂vjf
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−2∂xi∂vjf
(
F · ∇v∂xi∂vjf
)
dxdv
=:
7∑
i=1
J i2.
We then estimate each J i2, i = 1, . . . , 7 as follows:
J12 ≤
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−1|∂xi∂xjf |
≤
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q,
J22 ≤ d‖∂xiψ‖L∞
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−1|∂vjf |
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∂vjf |q,
J32 ≤ d(1 + ‖ψ‖L∞)
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q,
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J42 ≤ ‖∂xiψ‖L∞
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−1|∇vf |
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q + C
∫
Td×Rd
|v − vc|p|∇vf |q,
J52 ≤ (1 + ‖ψ‖L∞)
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−1|∇v∂xif |
≤ C
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∇v∂xif |q,
J62 ≤ (C + ‖∂xiu‖L∞)
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q−1|∇v∂vjf |
≤ (C + ‖∂xiu‖L∞)
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q
+ (C + ‖∂xiu‖L∞)
∫
Td×Rd
|v − vc|p|∇v∂vjf |q,
and
J72 = −
1
q
∫
Td×Rd
|v − vc|pF · ∇v|∂xi∂vjf |q =
1
q
∫
Td×Rd
∇v · (|v − vc|pF )|∂xi∂vjf |q
≤ −pψmM0
q
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q + Cp,qe−Cpt
∫
Td×Rd
|∂xi∂vjf |q
− p(1− Cδ)
q
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q + Cp,q‖u− uc‖pL∞
∫
Td×Rd
|∂xi∂vjf |q
− d
q
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂xi∂vjf |q.
This gives
d
dt
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv
≤ (C + ‖∂xiu‖L∞)
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂xi∂xjf |q dxdv,
+ C
∫
Td×Rd
|v − vc|p|∇vf |q dxdv + C
∫
Td×Rd
|v − vc|p|∇v∂xif |q dxdv
+ (C + ‖∂xiu‖L∞)
∫
Td×Rd
|v − vc|p|∇v∂vjf |q dxdv −
p(1 + ψm − Cδ)
q
∫
|v − vc|p|∂xi∂vjf |q dxdv
+ Cp,qe
−Cpt
∫
Td×Rd
|∂xi∂vjf |q dxdv −
d
q
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂xi∂vjf |q dxdv,
and this further yields
d
dt
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv
≤ (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv +
∫
Td×Rd
|v − vc|p|∇2xf |q dxdv
+ C
∫
Td×Rd
|v − vc|p|∇vf |q dxdv + (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv
− pψmM0
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∇x∇vf |q dxdv
− p
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv − d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∇x∇vf |q dxdv,
where C > 0 is independent of t.
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Step C.- We now estimate
1
q
d
dt
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv = −
p
q
∫
Td×Rd
|v − vc|p−2(v − vc) · v′c|∂vi∂vjf |q dxdv
+
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q−2∂vi∂vjf∂t∂vi∂vjf dxdv
=: K1 +K2,
where K1 can be easily estimated as
K1 ≤ p
4q
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv + Ce−Cpt
∫
Td×Rd
|∂vi∂vjf |q dxdv.
For the estimate of K2, we find
K2 = −
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q−2∂vi∂vjf
(
∂vi∂xjf + ∂xi∂vjf
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q−2∂vi∂vjf
(
(∇v · F )∂vi∂vjf + ∂vjF · ∇v∂vif
)
dxdv
−
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q−2∂vi∂vjf
(
∂viF · ∇v∂vjf + F · ∇v∂vi∂vjf
)
dxdv
=:
6∑
i=1
Ki2.
We estimate Ki2. i = 1, . . . , 6, separately.
K12 +K
2
2 ≤
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q−1
(|∂vi∂xjf |+ |∂xi∂vjf |) dxdv
≤
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂vi∂xjf |q dxdv
+
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv,
K32 ≤ d(1 + ‖ψ‖L∞)
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv,
K42 +K
5
2 ≤ (1 + ‖ψ‖L∞)
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q−1
(|∇v∂vif |+ |∇v∂vjf |) dxdv
≤ C
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∇v∂vif |q dxdv
+ C
∫
Td×Rd
|v − vc|p|∇v∂vjf |q dxdv,
and
K62 = −
1
q
∫
Td×Rd
|v − vc|pF · ∇v|∂vi∂vjf |q dxdv
=
1
q
∫
Td×Rd
∇v · (|v − vc|pF )|∂vi∂vjf |q dxdv
≤ −pψmM0
q
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∂vi∂vjf |q dxdv
− p(1− Cδ)
q
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv + Cp,q‖u− uc‖pL∞
∫
Td×Rd
|∂vi∂vjf |q dxdv
− d
q
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂vi∂vjf |q dxdv.
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Thus by choosing δ > 0 small enough we get
d
dt
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv
≤ C
∫
Td×Rd
|v − vc|p|∂vi∂vjf |q dxdv +
∫
Td×Rd
|v − vc|p|∂vi∂xjf |q dxdv
+
∫
Td×Rd
|v − vc|p|∂xi∂vjf |q dxdv + C
∫
Td×Rd
|v − vc|p|∇v∂vif |q dxdv
+ C
∫
Td×Rd
|v − vc|p|∇v∂vjf |q dxdv − p(1 + ψmM0 − Cδ)
∫
|v − vc|p|∂vi∂vjf |q dxdv
+ Cp,qe
−Cpt
∫
Td×Rd
|∂vi∂vjf |q dxdv − d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∂vi∂vjf |q dxdv,
and this yields
d
dt
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv ≤ C
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv +
∫
Td×Rd
|v − vc|p|∇x∇vf |q dxdv
− p(1 + ψmM0 − Cδ)
∫
Td×Rd
|v − vc|p|∇2vf |q dxdv + Cp,qe−Cpt
∫
Td×Rd
|∇2vf |q dxdv
− d
∫
Td×Rd
(1 + ψ ⋆ ρf )|v − vc|p|∇2vf |q dxdv,
where C > 0 is independent of t.
Step D.- We now combine all of the above estimates to have
d
dt
∫
Td×Rd
|v − vc|p
(|∇2xf |q + |∇x∇vf |q + |∇2vf |q) dxdv
≤ (C + ‖∇xu‖L∞)
∫
Td×Rd
|v − vc|p
(|∇2xf |q + |∇v∇xf |q + |∇2vf |q) dxdv
+ C
∫
Td×Rd
|v − vc|p (|f |q + |∇xf |q + |∇vf |q) dxdv
+ C(1 +
∥∥∇2xu∥∥ q2dLqxL∞t )
∫
Td×Rd
|v − vc|p|∇vf |q dxdv
+ Ce−Cpt
∫
Td×Rd
(|∇2xf |q + |∇x∇vf |q + |∇2vf |q) dxdv
− (p(ψmM0 + 1− Cδ) + C)
∫
Td×Rd
|v − vc(t)|p
(|∇2xf |q + |∇x∇vf |q + |∇2vf |q) dxdv,
and this together with Propositions 4.2, 4.3, 4.4, and (4.23) yields
d
dt
∫
Td×Rd
|v − vc|p
(|∇2xf |q + |∇x∇vf |q + |∇2vf |q) dxdv
≤ (C + ‖∇xu‖L∞ − (p(ψmM0 + 1− Cδ))
∫
Td×Rd
|v − vc|p
(|∇2xf |q + |∇v∇xf |q + |∇2vf |q) dxdv
+ Ce−Cpt,
where C > 0 is independent of t. We finally use almost the same argument as in the proof of Proposition 4.4 to
conclude the desired exponential decay estimate.
Acknowledgments
Y.-P. Choi’s work is supported by NRF-2017R1C1B2012918, POSCO Science Fellowship of POSCO TJ
Park Foundation, and Yonsei University Research Fund of 2019-22-021. K. Kang’s work is partially sup-
ported by NRF-2019R1A2C1084685 and NRF-2015R1A5A1009350. H. K. Kim’s work is supported by NRF-
2018R1D1A1B07049357. J.-M. Kim’s work is supported by NRF-2020R1C1C1A01006521 and a Research Grant
of Andong National University.
34 YOUNG-PIL CHOI, KYUNGKEUN KANG, HWA KIL KIM, AND JAE-MYOUNG KIM
Appendix A. Proof of Lemma 4.3
In this part, we provide the details on the proof of Lemma 4.3.
We first estimate∣∣∣∣Γ(x, t)− 1(2π)d
∣∣∣∣ ≤ C ∑
|ξ|≥1
e−t|ξ|
2 ≤ C
∫ ∞
1
∫
∂B(0,r)
e−r
2t dSdr ≤ C
∫ ∞
1
rd−1e−r
2t dr,
where C > 0 is independent of t. If d = 2, we easily get∫ ∞
1
re−r
2t dr =
e−t
2t
.
For d = 3, we obtain ∫ ∞
1
r2e−r
2t dr =
1
2t
∫ ∞
1
r(2rt)e−r
2t dr =
1
2t
e−t +
1
2t
∫ ∞
1
e−r
2t dr.
On the other hand, we find
1
2t
∫ ∞
1
e−r
2t dr =
1
2t3/2
∫ ∞
√
t
e−x
2
dx ≤ e
−t
t3/2
.
Indeed, in case that t ≥ 1, it is direct that∫ ∞
√
t
e−x
2
dx ≤
∫ ∞
√
t
2xe−x
2
= e−t.
In case that t < 1, the integral is bounded since∫ ∞
√
t
e−x
2
dx ≤
∫ ∞
0
e−x
2
=
√
π.
This gives
1
2t3/2
∫ ∞
√
t
e−x
2
dx ≤ 1
2t3/2
(
e−tχ{t≥1} +
√
πχ{t<1}
) ≤ C e−t
t3/2
.
Note that the last integral is uniformly bounded in t. Thus we have
∥∥∥∥Γ(·, t)− 1(2π)d
∥∥∥∥
L∞
≤


Ct−1e−t if d = 2,
C
(
t−1 + t−
3
2
)
e−t if d = 3,
where C > 0 is independent of t. Finally we use the Lp-interpolation inequality together with the fact
‖Γ(·, t)‖L1 =
1
(4πt)d/2
∑
ξ∈Zd
∫
Td
e−
|x−2πξ|2
4t dx =
1
(4πt)d/2
∫
Rd
e−
|x|2
4t dx = 1 ∀ t ≥ 0
to conclude the first assertion. Similarly, we also estimate
|∇xΓ(x, t)| ≤
∣∣∣∣∣∣
1
(2π)d
∑
ξ∈Zd\{0}
|ξ|e−t|ξ|2+iξ·x
∣∣∣∣∣∣ ≤ C
∑
|ξ|≥1
|ξ|e−t|ξ|2 ≤ C
∫ ∞
1
rde−r
2t dr.
Thus for d = 2 we obtain from the above that
‖∇xΓ(·, t)‖L∞ ≤ C
(
t−1 + t−
3
2
)
e−t,
where C > 0 is independent of t. For d = 3, we use the change of variable and integration by parts to get∫ ∞
1
r3e−r
2t dr =
1
2
∫ ∞
1
re−rt dr =
e−t
2t
(
1 +
1
t
)
.
This implies
(A.1) ‖∇xΓ(·, t)‖L∞ ≤ C
(
t−1 + t−
d+1
2
)
e−t.
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On the other hand, we have
∫
Td
|∇xΓ(x, t)| dx ≤ 1
(4πt)d/2
∑
ξ∈Zd
∫
Td
|x− 2πξ|
2t
e−
|x−2πξ|2
4t dx
≤ C
td/2+1
∫
Rd
|x|e− |x|
2
4t dx ≤ Ct− 12
∫ ∞
0
rde−r
2
dr ≤ Ct− 12 .
(A.2)
Interpolating estimates (A.1) and (A.2), it follows that
‖∇xΓ(·, t)‖Lp ≤ ‖∇xΓ(·, t)‖1−
1
p
L∞ ‖∇xΓ(·, t)‖
1
p
L1 ≤ C
(
t−(1−
1
2p ) + t−
d
2 (1− 1p )− 12
)
e−t(1−
1
p ).
Remark A.1. If we assume higher regularity for the initial vorticity ω0, for instance ω0 ∈ H˙s(Td) with s > d/2,
then we obtain
‖(Γ ⋆ ω0)(·, t)‖Lp ≤ C‖ω0‖H˙se−t/2 for 1 ≤ p ≤ ∞ and t ≥ 0,
where C > 0 is independent of p and t. Indeed, it follows from (4.4) that
(Γ ⋆ ω0)(x, t) =
∑
ξ∈Zd\{0}
e−t|ξ|
2+iξ·xcF(ω0)(ξ),
where we used the fact that
∫
Td
ω0 dx = 0. Then we estimate the right hand side of the above equality as
∣∣∣∣∣∣
∑
ξ∈Zd\{0}
e−t|ξ|
2+iξ·xcF(ω0)(ξ)
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
ξ∈Zd\{0}
e−t|ξ|
2+iξ·x
|ξ|s |ξ|
scF (ω0)(ξ)
∣∣∣∣∣∣
≤

 ∑
ξ∈Zd\{0}
e−t|ξ|
2
|ξ|2s


1/2
 ∑
ξ∈Zd\{0}
|ξ|2s|cF (ω0)(ξ)|2


1/2
≤ e−t/2

 ∑
ξ∈Zd\{0}
1
|ξ|2s


1/2
‖ω0‖H˙s .
Since the sum on the right hand side of the above inequality is bounded for 2s > d, we conclude the desired
result.
Appendix B. Proof of Lemma 4.8
In this appendix, we provide the details of proof of Lemma 4.8.
(⋄ Estimate of ‖∇2xf‖Lq): For i, j = 1, . . . , d, we find from the kinetic equation in (1.1) that
∂t∂xi∂xjf + v · ∇x∂xi∂xjf = −(∇v · ∂xi∂xjF )f − ∂xi∂xjF · ∇vf − (∇v · ∂xjF )∂xif − ∂xjF · ∇v∂xif
− (∇v · ∂xiF )∂xjf − ∂xiF · ∇v∂xjf − (∇v · F )∂xi∂xjf − F · ∇v∂xi∂xjf.
36 YOUNG-PIL CHOI, KYUNGKEUN KANG, HWA KIL KIM, AND JAE-MYOUNG KIM
Then we get
d
dt
∫
Td×Rd
|∂xi∂xjf |q dxdv
= q
∫
Td×Rd
|∂xi∂xjf |q−2∂xi∂xjf∂t∂xi∂xjff dxdv
= −q
∫
Td×Rd
|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · ∂xi∂xjF )f + ∂xi∂xjF · ∇vf
)
dxdv
− q
∫
Td×Rd
|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · ∂xjF )∂xif + ∂xjF · ∇v∂xif
)
dxdv
− q
∫
Td×Rd
|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · ∂xiF )∂xjf + ∂xiF · ∇v∂xjf
)
dxdv
− q
∫
Td×Rd
|∂xi∂xjf |q−2∂xi∂xjf
(
(∇v · F )∂xi∂xjf + F · ∇v∂xi∂xjf
)
dxdv
=:
8∑
i=1
Ii,
where Ii, i = 1, . . . , 8 can be estimated as follows:
I1 ≤ qd‖∂xi∂xjψ‖L∞‖∂xi∂xjf‖q−1Lq ‖f‖Lq , I2 ≤ q
∫
Td×Rd
|∂xi∂xjf |q−1|∂xi∂xjF ||∇vf | dxdv,
I3 ≤ qd‖∂xjψ‖L∞‖∂xi∂xjf‖q−1Lq ‖∂xif‖Lq , I4 ≤ q‖∂xjF‖L∞‖∂xi∂xjf‖q−1Lq ‖∇v∂xif‖Lq ,
I5 ≤ qd‖∂xiψ‖L∞‖∂xi∂xjf‖q−1Lq ‖∂xjf‖Lq , I6 ≤ q‖∂xiF‖L∞‖∂xi∂xjf‖q−1Lq ‖∇v∂xjf‖Lq ,
I7 = qd
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂xi∂xjf |q dxdv, I8 = −d
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂xi∂xjf |q dxdv.
Combining all of the above estimates, we have
d
dt
∫
Td×Rd
|∂xi∂xjf |q dxdv ≤ qd‖∂xi∂xjf‖q−1Lq
(‖∂xi∂xjψ‖L∞‖f‖Lq + ‖∂xjψ‖L∞‖∂xif‖Lq)
+ q‖∂xi∂xjf‖q−1Lq
(‖∂xjF‖L∞‖∇v∂xif‖Lq + d‖∂xiψ‖L∞‖∂xjf‖Lq + ‖∂xiF‖L∞‖∇v∂xjf‖Lq)
+ q
∫
Td×Rd
|∂xi∂xjf |q−1|∂xi∂xjF ||∇vf | dxdv + (q − 1)d
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂xi∂xjf |q dxdv.
On the other hand, we estimate the second order derivative of the force field F as
|∂xi∂xjF | ≤ |(∂xi∂xjψ) ⋆ ρfuf |+ |v∂xi∂xjψ ⋆ ρf |+ |∂xi∂xju|
≤ ‖∂xi∂xjψ‖L∞‖ρfuf‖L1 +Rv(t)‖∂xi∂xjψ‖L∞‖ρf‖L1 + |∂xi∂xju|
≤ C + |∂xi∂xju|,
and this implies ∫
Td×Rd
|∂xi∂xjf |q−1|∂xi∂xju||∇vf | dxdv
≤ Cq‖∂xi∂xjf‖q−1Lq ‖∇vf‖Lq + q
∫
Td×Rd
|∂xi∂xjf |q−1|∂xi∂xju||∇vf | dxdv
≤ ‖∇vf‖L∞
∫
Td×Rd
|∂xi∂xjf |q−1|∂xi∂xju| dxdv
≤ Cq‖∇vf‖W 1,q‖∂xi∂xjf‖q−1Lq ‖∂xi∂xju‖Lq
for q > d, where we used the Morrey’s inequality. Thus we obtain
d
dt
‖∂xi∂xjf‖Lq ≤ Cd (‖f‖Lq + ‖∂xif‖Lq) + C(1 + ‖∇xu‖L∞)(‖∇v∂xif‖Lq + ‖∇v∂xjf‖Lq)
+ Cd‖∂xjf‖Lq + C‖∇vf‖Lq + Cq‖∇vf‖W 1,q‖∂xi∂xju‖Lq
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due to (4.14). This asserts
d
dt
‖∇2xf‖Lq ≤ Cd (‖f‖Lq + ‖∇xf‖Lq) + C(1 + ‖∇xu‖L∞)‖∇v∇xf‖Lq
+ C‖∇vf‖Lq + Cq‖∇vf‖W 1,q‖∇2xu‖Lq .
(⋄ Estimate of ‖∇x∇vf‖Lq): For i, j = 1, . . . , d, we find
∂t∂xi∂vjf + v · ∇x∂xi∂vjf = −∂xi∂xjf − (∂xi∇v · F )∂vjf − (∇v · F )∂xi∂vjf − ∂xi∂vjF · ∇vf
− ∂vjF · ∇v∂xif − ∂xiF · ∇v∂vjf − F · ∇v∂xi∂vjf.
Then we have
d
dt
∫
Td×Rd
|∂xi∂vjf |q dxdv = q
∫
Td×Rd
|∂xi∂vjf |q−2∂xi∂vjf∂t∂xi∂vjf dxdv
= −q
∫
Td×Rd
|∂xi∂vjf |q−2∂xi∂vjf
(
∂xi∂xjf + (∂xi∇v · F )∂vjf + (∇v · F )∂xi∂vjf
)
dxdv
− q
∫
Td×Rd
|∂xi∂vjf |q−2∂xi∂vjf
(
∂xi∂vjF · ∇vf + ∂vjF · ∇v∂xif + ∂xiF · ∇v∂vjf
)
dxdv
− q
∫
Td×Rd
|∂xi∂vjf |q−2∂xi∂vjf
(
F · ∇v∂xi∂vjf
)
dxdv
=:
7∑
i=1
Ji.
We estimate
J1 ≤ q‖∂xi∂vjf‖q−1Lq ‖∂xi∂xjf‖Lq , J2 ≤ qd‖∂xiψ‖L∞‖∂xi∂vjf‖q−1Lq ‖∂vjf‖Lq ,
J3 = qd
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂xi∂vjf |q dxdv, J4 ≤ q‖∂xiψ‖L∞‖∂xi∂vjf‖q−1Lq ‖∂xjf‖Lq ,
J5 = q
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂xi∂vjf |q dxdv, J6 ≤ q‖∂xiF‖L∞‖∂xi∂vjf‖q−1Lq ‖∇v∂vjf‖Lq ,
J7 = −d
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂xi∂vjf |q dxdv.
Thus we obtain
d
dt
‖∂xi∂vjf‖qLq ≤ q‖∂xi∂vjf‖q−1Lq ‖∂xi∂xjf‖Lq + qd‖∂xiψ‖L∞‖∂xi∂vjf‖q−1Lq ‖∂vjf‖Lq
+ q‖∂xiψ‖L∞‖∂xi∂vjf‖q−1Lq ‖∂xjf‖Lq + q‖∂xiF‖L∞‖∂xi∂vjf‖q−1Lq ‖∇v∂vjf‖Lq
+ (q(d + 1)− d)
∫
Td×Rd
(1 + ψ ⋆ ρf)|∂xi∂vjf |q dxdv
≤ q‖∂xi∂vjf‖q−1Lq ‖∂xi∂xjf‖Lq + qd‖∂xiψ‖L∞‖∂xi∂vjf‖q−1Lq ‖∂vjf‖Lq
+ q‖∂xiψ‖L∞‖∂xi∂vjf‖q−1Lq ‖∂xjf‖Lq + q‖∂xiF‖L∞‖∂xi∂vjf‖q−1Lq ‖∇v∂vjf‖Lq
+ (q(d + 1)− d)(1 + ‖ψ‖L∞)‖∂xi∂vjf‖qLq ,
and this implies
d
dt
‖∂xi∂vjf‖Lq ≤ ‖∂xi∂xjf‖Lq + d‖∂xiψ‖L∞‖∂vjf‖Lq + ‖∂xiψ‖L∞‖∂xjf‖Lq
+ ‖∂xiF‖L∞‖∇v∂vjf‖Lq +
((
d+ 1− d
q
)
(1 + ‖ψ‖L∞)
)
‖∂xi∂vjf‖Lq .
This together with (4.14) yields
d
dt
‖∇x∇vf‖Lq ≤ ‖∇2xf‖Lq + Cd‖∇vf‖Lq + C‖∇xf‖Lq
+ C(1 + ‖∇xu‖2L∞)‖∇2vf‖Lq + C
(
d+ 1− d
q
)
‖∇x∇vf‖Lq ,
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where C > 0 depends on Rv(0) and ψ, but independent of t and q.
(⋄ Estimate of ‖∇2vf‖Lq): Note that ∂vi∂vjf satisfies
∂t∂vi∂vjf + v · ∇x∂vi∂vjf
= −∂vi∂xjf − ∂xi∂vjf − (∇v · F )∂vi∂vjf − ∂vjF · ∇v∂vif − ∂viF · ∇v∂vjf − F · ∇v∂vi∂vjf.
Thus we get
d
dt
∫
Td×Rd
|∂vi∂vjf |q dxdv
= q
∫
Td×Rd
|∂vi∂vjf |q−2∂vi∂vjf∂t∂vi∂vjf dxdv
= −q
∫
Td×Rd
|∂vi∂vjf |q−2∂vi∂vjf
(
∂vi∂xjf + ∂xi∂vjf + (∇v · F )∂vi∂vjf
)
dxdv
− q
∫
Td×Rd
|∂vi∂vjf |q−2∂vi∂vjf
(
∂vjF · ∇v∂vif + ∂viF · ∇v∂vjf + F · ∇v∂vi∂vjf
)
dxdv
=:
6∑
i=1
Ki,
where Ki, i = 1, . . . , 6 can be estimated as follows.
K1 ≤ q‖∂vi∂vjf‖q−1Lq ‖∂vi∂xjf‖Lq , K2 ≤ q‖∂vi∂vjf‖q−1Lq ‖∂vj∂xif‖Lq ,
K3 = qd
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vi∂vjf |q dxdv, K4 = q
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vi∂vjf |q dxdv,
K5 = q
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vi∂vjf |q dxdv, K6 = −d
∫
Td×Rd
(1 + ψ ⋆ ρf )|∂vi∂vjf |q dxdv.
This deduces
d
dt
‖∂vi∂vjf‖qLq ≤ q‖∂vi∂vjf‖q−1Lq ‖∂vi∂xjf‖Lq + q‖∂vi∂vjf‖q−1Lq ‖∂vj∂xif‖Lq
+ (q(d + 2)− d)
∫
Td×Rd
(1 + ψ ⋆ ρf)|∂vi∂vjf |q dxdv
≤ q‖∂vi∂vjf‖q−1Lq ‖∂vi∂xjf‖Lq + q‖∂vi∂vjf‖q−1Lq ‖∂vj∂xif‖Lq
+ (q(d + 2)− d)(1 + ‖ψ‖L∞)‖∂vi∂vjf‖qLq ,
and subsequently
d
dt
‖∂vi∂vjf‖Lq ≤ ‖∂vi∂xjf‖Lq + ‖∂vj∂xif‖Lq +
(
d+ 2− d
q
)
(1 + ‖ψ‖L∞)‖∂vi∂vjf‖Lq .
Hence we have
d
dt
‖∇2vf‖Lq ≤ ‖∇2vf‖Lq + ‖∇x∇vf‖Lq + C
(
d+ 2− d
q
)
‖∇2vf‖Lq .
Finally, we combine all of the above estimates to have
d
dt
(‖∇2xf‖Lq + ‖∇x∇vf‖Lq + ‖∇2vf‖Lq)
≤ Cd (‖f‖Lq + ‖∇xf‖Lq + ‖∇vf‖Lq) + C(1 + ‖∇xu‖2L∞)(‖∇v∇xf‖Lq + ‖∇2vf‖Lq)
+ C‖∇vf‖W 1,q‖∇2xu‖Lq + C
(
d+ 1− d
q
)
(‖∇x∇vf‖Lq + ‖∇2vf‖Lq) + ‖∇2xf‖Lq
≤ Cd‖f‖W 1,q + Cd(1 + ‖∇xu‖2L∞)(‖∇2xf‖Lq + ‖∇v∇xf‖Lq + ‖∇2vf‖Lq) + C‖∇vf‖W 1,q‖∇2xu‖Lq ,
where C > 0 is independent of t. We then combine this with Lemma 4.7 to obtain
d
dt
‖f‖W 2,q ≤ Cd(1 + ‖∇xu‖2L∞ + ‖∇2xu‖Lq)‖f‖W 2,q ,
where C > 0 is independent of t. Applying Gro¨nwall’s lemma to the above concludes the desired result.
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